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Be able to categorize a flow and have knowledge about how to select
applicable methods for the analysis of a specific flow based on category
Explain what a boundary layer is and when/where/why it appears

Explain how the flat plate boundary layer is developed (transition from laminar
to turbulent flow)

Explain and use the Blasius equation

Define the Reynolds number for a flat plate boundary layer

Explain what is characteristic for a turbulent flow

Explain flow separation (separated cylinder flow)

Explain how to delay or avoid separation

Derive the boundary layer formulation of the Navier-Stokes equations
Understand and explain displacement thickness and momentum thickness
Understand, explain and use the concepts drag, friction drag, pressure drag,
and lift

Let’s take a deep dive into boundary-layer theory



Complementary Course Material

These lecture notes covers chapter 7 in the course book and additional course
material that you can find in the following documents

MTF053_Equation-for-Boundary-Layer-Flows.pdf

MTFO053_Turbulence.pdf


https://courses.onlineflowcalculator.com/fluidmech/docs/MTF053_Equations-for-Boundary-Layer-Flows.pdf
https://courses.onlineflowcalculator.com/fluidmech/docs/MTF053_Turbulence.pdf
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The Von Karman Integral Relation

Approximate solutions for 6(x) and 7, (x)
Control volume approach applied to a boundary layer

Assuming steady-state incompressible flow

> F= /va n)dA



The Von Karman Integral Relation
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The Von Karman Integral Relation

Momentum Uso (X)
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The Von Karman Integral Relation

Pressure forces in the x-direction
pPo

dp dé
- (p + dde> (5 + dXo’x)

1dp do

Shear forces in the x-direction
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The Von Karman Integral Relation

Forces
dFy =
do dp dp dé do 1dpdo
—TwaX +po — |Pd +p&dx + 5d—Xo’x + &&dxdx +p&o’x + Sk dxc/xc/x

products of infinitesimal quantities can be regarded to be zero and thus

d
dF, = —r,dx — 5d—idx



The Von Karman Integral Relation

Momentum equation

Now we have all components of the momentum equation defined

d [, d [ [? dp
pd—x [/OUdy}_pU‘”dx[/o Udy}__TW_(SO'X

The momentum equation for boundary layers or Von Karman’s integral relation

Note! the relation is valid for laminar and turbulent flows (for turbulent flows use
time-averaged quantities)



The Von Karman Integral Relation

Qutside of the boundary layer the flow is inviscid = we can use Bernoulli

dp dU« 1adp dUx
2 f— —_——_ = —_—
P+ pU = const = o + pUqo O =0= ) dx Us O



The Von Karman Integral Relation
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The Von Karman Integral Relation
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The Von Karman Integral Relation
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The Von Karman Integral Relation

w _d [° dUs [?
Y- Usy — 2o "
) dx/o u( u)ay + x (U u)dy

Constant freestream velocity gives

AUs w _d [°

Ok, but what does this mean??
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Momentum Integral Estimates

displacement thickness 5* momentum thickness 6
Té x % 0
same mass flow same momentum

"The presence of a boundary layer will result in a small but finite displacement
of the flow streamlines”



Momentum Thickness

displacement thickness & momentum thickness 6

Té* j{e
?

same mass flow same momentum

0y u

5
— — 2 — J— -
/o puU(Uso — u)bdy = pUZ b0 = 6 /0 U (1 Uoc) dy

Note! b is the width of the flat plate



Momentum Thickness

Uso Uso

The drag D for a plate of width b N op=p

X abD P
D(x) b/0 Tw(Xx)dx = O = b1y

from before we have | ‘

T da [? d, s /5 u o db
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the Von Karman integral relation

the displacement thickness 6

and thus
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Momentum Thickness

do
D(x) = pbU% 0, 7, = pUgo&

Sy u
—/Oum(l‘uw)dy

Note!

Uso

P = Pa

1. the momentum thickness 6 is a measure of the total drag

2. can be used both for laminar and turbulent flows
3. no assumption about velocity profile shape made



Displacement Thickness

displacement thickness & momentum thickness 6

i 4o
¥
same mass flow same momentum
é 5 y
/ p(Uso —u)bdy = pUscbd™ = §* = / (1 _ U) dy
0 JO 00

0" Is an estimate of the displacement in the wall-normal direction of streamlines in the
outer part of the boundary layer due to the deficit of massflow caused by the no-slip
condition at the wall - a measure of the boundary-layer thickness
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Laminar Boundary Layer

The Von Karman integral relation gives us the wall shear stress (1) as a function of
the velocity profile (u(y)) and the boundary-layer thickness ()

Tw d

5
L o’x/o U(Uso — u)dy

So now we need a velocity profile u = u(y) to continue ...



Laminar Boundary Layer

Assumptions:
Boundary layer over a flat plate

o0

. au
Constant freestream velocity U, = const = v 0

Laminar flow

Parabolic velocity profile



Laminar Boundary Layer - Parabolic Velocity Profile

u(y) =A+ By +Cy?
The constants A, B, and C are defined using boundary conditions

no slip:
u0)=0=A=0

constant velocity at y = ¢:
G =0=B+2C=0=B=-2/C
oy I~

freestream velocity:

U(0) = Use = BS + C0% = Uy = {B = —20C} = —C8% = Uy = C = I

52



Laminar Boundary Layer - Parabolic Velocity Profile



Laminar Boundary Layer - Parabolic Velocity Profile
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Laminar Boundary Layer - Parabolic Velocity Profile
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Laminar Boundary Layer - Parabolic Velocity Profile

Weo  2uUse 2 pU% 0.365
- - ~ puoo
) 30vx V30 [Usx Rex
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Introducing the skin friction coefficient c;

TW:,LL

f= ~
pU2  /Rey



Laminar Boundary Layer - Parabolic Velocity Profile

Note! more accurate solutions for laminar flat plate boundary layers exists:

Ok, so where did we go wrong?

For external (unconfined) boundary layers, the velocity profile is not parabolic — but
quite close to parabolic ...
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