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Learning Outcomes

4 Be able to categorize a flow and have knowledge about how to select
applicable methods for the analysis of a specific flow based on category

12 Define Reynolds transport theorem using the concepts control volume and
system

13 Derive the control volume formulation of the continuity, momentum, and energy
equations using Reynolds transport theorem and solving problems using those
relations

15 Derive and use the Bernoulli equation (using the relation includes having
knowledge about its limitations)

we will derive methods suitable for estimation of forces and system analysis

fluid flow finally ...
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Angular Momentum

Angular momentum about a point o

syst

where r is the position vector from o to the element mass dm and V is the velocity of

that element
y

The amount of angular momentum per unit mass

<

_ dH,

am =rxV / x
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Conservation of Angular Momentum

Reynold’s transport theorem:

dH, d

at

syst

-2 [/Cv(r Y V)pdV} + /Cs(r « V)p(V, - n)dA

for inertial coordinate systems:

dio => My=)» (rxF)



Conservation of Angular Momentum

Non-deformable inertial control volume:

> M, = % [/Cv(r X V)pdV] + /Cs(r x V)p(V - n)dA

for a limited number of one-dimensional inlets and outlets

/CS(I‘ X V)p(V -n)dA = Z(I‘ X V)outMout — Z(r x V)inMin



Angular Momentum Example - Garden Sprinkler

Assumptions:

1. steady-state flow
2. incompressible flow (water)




Angular Momentum Example - Garden Sprinkler
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Angular Momentum Example - Garden Sprinkler

> M, = / (r x V)p(Vy - n)dA

inlet:
(ro x Vo) = (0,0,0) x (0,0,V,) = (0,0,0)

(Vor -10) = (0,0,V,) - (0,0, —1) = —V,

(to x Vo)p(Vo - 1o)As = —(0,0,0)pV0A, = (0,0,0)

outlet:
(ra x Vo) = (0,R,0) x (Vo — Rw,0,0) = (070’9% ~RV,)
(Vo -my) = (V5,0,0) - (1,0,0) = Vo

(ry X Vo)p(Va -1n2)As = (0,0,R*w — RV,)pVoAs = pQ(0,0,R*w — RV,)



Angular Momentum Example - Garden Sprinkler

> M, = (0,0,-T5) = pQ(0,0,R%w — RV,)

V., % T
T = pQR? _ 0 -0 0

Note:

V
with a negligible retarding torque, i.e. To ~ 0., we get w ~ w|r,—g. = ﬁo [rad/s]

the torque required to hold the sprinkler arm still is Ty |,—0. = pQVR [Nm]
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The Energy Equation

Reynold’s transport theorem applied the the first law of thermodynamics
B=E, p=dE/dm =¢)

0Qys dWes dEys  d
at gt at  at /Cvepdv +/Csep(v'n>dA

Recall:
positive Qsys: heat added to the system
positive Wsys: work done by the system on its surroundings



The Energy Equation - Energy per Unit Mass

€ = Cinternal 1 Ckinetic + epotenﬁa/ =+ Cother

Eother COUId be related to, for example, chemical reactions, nuclear reactions, or
magnetic fields and will not be considered here

.1
e=0+ §V2+gz



The Energy Equation - Work

The work term W can be divided into shaft work, pressure work, and work related to
viscous forces

W, :/ p(V -n)dA
CS

v'\/y:—/ - VdA
CS



The Energy Equation - Pressure Work

W, = [ p(V-n)dA
CS

The rate of work done by pressure forces on the control volume surfaces

internal forces will always have an opposite force leading to cancelation



The Energy Equation - Viscous Work

WV——/ 7-VdA
CS

The rate of work related to viscous stresses on the control volume surfaces

important or not depending on flow situation



The Energy Equation - Control Volume Boundaries

Solid walls:
no-slip = Wl, =0

Machine surfaces:
viscous work included implicitly in shaft work

Inlets/outlets:

flow aligned with surface normal (usually) and normal viscous stress components
are in most cases very small

Streamlines:
viscous stresses may be significant depending on streamline location



The Energy Equation

Q—Ws—W, = a </ epdV) +/ pe(V-n)dA+ [ p(V-n)dA
at \Jev cs cs

collecting surface integrals gives



The Energy Equation

Q—WS—W,,:E</ epdV)+/ <e+'9>p(V-n)dA
at \Jev cs p

or

. s . o1 -1
Q—WS—WV:Q / O+ =V%4gz) pdv +/ <h—|—V2+gZ>p(V-n)o’A

where h is the enthalpy defined as h = 0 +p/p



The Energy Equation

Steady state:
i . . .1
QWSW,,:/ <h+V2+gZ>p(V~n)dA
cs 2
Special case: one inlet and one outlet (both one-dimensional)
. . . . ~ 1 2 . ~ 1 2
Q=Ws =W, = = (h + Vi +921 | + M2 (ha+ 5V + g2

continuity = m; = my = m, divide by m gives

- 1 - 1
[h1+§V12+921=h2+§V22+QZ2—Q+Ws+WVJ




The Energy Equation

1 .1
h1+§\/12+QZ1:/72+§\/22+QZQ—CI+WS+WV

all terms has the dimension [m?/s?], divide by g [m/s?] to get dimension [m]

V2 V2
Pt Vi, P2 Vs 9 hth,
rg 9 29 rg 9 29 g

p/(pg): pressure head

V2 /2g: velocity head



The Energy Equation

steady-state flow
incompressible (low speed)

pipe/duct that may or may not include turbines and pumps
solid walls = h,, =0

V? V2 (g — (17 —
<D1++ > <,O2_i_+ >+U2 ur—q
rg 29 rg 29 g

hoy ho,

A

where h, is available head or total head



The Energy Equation

friction head losses hy (always positive)
pump head input hp,
turbine head extraction h

V2 V2
(pl+1+zl> —<p2+2+22> +hr —hp + hy
pg 29 in pg 29 out




Kinetic Energy Correction Factor

One-dimensional flow through inlets and outlets is of course not true in reality

Introducing the correction factor «

OCVa\/2

1 2 o
/2V p(V-n)dA = 5

where (for incompressible flow)

1
Vav — A/UdA



Kinetic Energy Correction Factor

nN%: V2
<’Ol+a1 1+Zl> :(pQ+Q22+22) +hf*hp+ht
P9 29 in 2l 29 out




Kinetic Energy Correction Factor

Laminar pipe flow:

Velocity profile:
r 2

From example 2 in the conservation-of-mass section Umax
we have that the average velocity for a laminar pipe
flow is obtained as:

1 \P\ Umax
Vay = QUmax ﬂj




Kinetic Energy Correction Factor

.Rl

r 2 2 r\ 2
1, B N R r\2\ 2
/2\/ p(V - n)dA = pwu,mx/0 <1 - (ﬁ) rdr

/ %VQp(V-n)o’A =

/ %VQ;)(V -n)dA = épﬁE’QU%aX




Kinetic Energy Correction Factor
/ —V?p(V -n)dA = *pWRQU%aX

the mass flow m can be obtained as:

. 1
m= Vavp7TF1’2 = iumaXpWRQ
which gives

2
Umax

1 5 - .
/2V p(V-n)dAf—4 m

from the definition of a

2 2
/ ~V2p(V -n)dA = a\; - {\/av _ 1Umax} _ %m




Kinetic Energy Correction Factor

comparing the two expressions, we have that

Uz _ . alU?_ .
maxm _ maxm

4 8

and thus « = 2 for laminar incompressible flow



Kinetic Energy Correction Factor

Turbulent pipe flow:
Velocity Profile:

U() ~ U (1= ) e

Umax

From example 3 in the conservation-of-mass section Vor |
we have that the average velocity for a laminar pipe
flow is obtained as:

2Upmax
(L+m)(2+m)

Vav -

|




Kinetic Energy Correction Factor

4prR?U3,
(14+m)3(2+m)3

R r\3m 1 92\ /3
PWU?nax/O (1 - ﬁ) rdr = aipﬂ'ﬁ’ Vo, =«

r\Sm R
(=R (1-5) Gmr+r+A) . 4R N
(1+3m)(2+ 3m) (1 +m)3(24+m)3
0
R? 4R? (L+m)*2+m)?

= = =

(14 3m)(2 + 3m) (14+m)3(2+m)3 ~ 4(1+3m)(2 4+ 3m)



Kinetic Energy Correction Factor
Laminar pipe flow:
a = 2.0 should be used
Turbulent pipe flow:

(1 +m)*2+m)’
~ 4(143m)(2 + 3m)

m| 1/6 | 1/6 | 1/7 | 1/8 | 1/9
o | 1.106 | 1.077 | 1.058 | 1.046 | 1.037

a = 1.0 is often a good approximation for turbulent pipe flows




The Energy Equation - Pump Example

Task:
Calculate pump power if n = 0.8
Given:
1. Geometry and pressures from figure
2. The pump delivers water at a flow
rate Q = 0.04 m?/s
3. Friction losses between 1 and 2 are
given by hy = KVZ/(2g) where
= 101.3 kPa
K=~T7.5 511 =0.0m
4 a=x~1.07

Assumptions:

1. steady-state flow
2. negligible viscous work
3. large reservoir (V1 = 0)

machine

p2 = 70.0 kPa
73 = 6.0m
Dy = 8.0cm

water —»



The Energy Equation - Pump Example

Vo = Z =796m/s

V2 V2
(/91 + 21 +zl> - <p2 + 22 +22> +he—ho+he

P2 — P71 \/22 p1 = 101.3kPa

hp = +(z2—21)+(a2+K) 2= = 30.5m 2 =00m o

P g ( 29 n
water —- pump p2 = 70.0kPa

75 =6.0m
h Doy = 8.0cm

Poump = & 9 _ 14960 w (or 20 hp) 0
n



Roadmap - Integral Relations

Integ ations

t

Conservaygfl of energy

t

Conservation o%lar momentum

t

[ Conservation %ar momentum ]—»[ The BerVequation ]

[ ConservM of mass ]<—i Reynolds trwort theorem ’

[ Conservation relations ] ‘ System anwtrol volume ’




Integral Relations - Considerations
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Integral Relations - Considerations
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Integral Relations - Considerations
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Integral Relations - Considerations
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control volume type: non-deforming?, non-accelerating?
steady flow? if not can the frame of reference be changed?
can friction be neglected?

can the fluid be assumed to be incompressible?

if compressible, can the ideal gas law be used?

do we need to account for body forces (gravity etc)?

is there heat transfer, shaft work or viscous work

can inlets/outlets be assumed to be one-dimensional



Integral Relations
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