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Learning Outcomes

1 Explain the difference between a fluid and a solid in terms of forces and
deformation

2 Understand and be able to explain the viscosity concept
3 Define the Reynolds number

5 Explain the difference between Lagrangian and Eulerian frame of reference and
know when to use which approach

7 Explain the concepts: streamline, pathline and streakline
8 Understand and be able to explain the concept shear stress

9 Explain how to do a force balance for fluid element (forces and pressure
gradients)

10 Understand and explain buoyancy and cavitation
16 Understand and explain the concept Newtonian fluid

in this lecture we will find out what a fluid flow is



Roadmap - Introduction to Fluid Mechanics

[ Fluid Mechanics - Basic Concepts ]

| A,
T

Fluid ] Flow
Viscosity [ Thermodynamic properties ] Flow analysis
Continuum No-slip condition

f

s N o T cn N G

Fluid concept

)
)
)

t

Velocity field

f

Frame of reference




Fluid Mechanics

"Fluid mechanics is the branch of physics concerned with the mechanics of
fluids (liquids, gases, and plasmas) and the forces on them. It has appli-
cations in a wide range of disciplines, including mechanical, civil, chemical
and biomedical engineering, geophysics, oceanography, meteorology, as-
trophysics, and biology.”

Wikipedia



Fluid Flows in Your Dalily Life

"When you think about it, almost everything on this planet either is a fluid or
moves within or near a fluid”

Frank M. White



Fluid Flows in Your Dally Life
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Fluid Flow Applications

> Analytical solutions limited to very specific simplified cases

> Complex geometries and flows leads to the need for experiments and
Computational Fluid Dynamics (CFD)

> Chief obstacles to a general theory:
Geometry
Viscosity
Non-linearity
Turbulence

Understanding the basic principles is a key factor for a correct analysis
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The Concept of a Fluid

”In physics, a fluid is a substance that continually deforms (flows) under an
applied shear stress, or external force. Fluids are a phase of matter and
include liquids, gases and plasmas. They are substances with zero shear
modulus, or, in simpler terms, substances which cannot resist any shear
force applied to them.”

Wikipedia



The Concept of a Fluid
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The Concept of a Fluid

( soid ) Fluid A
"A solid can resist a shear free surface
stress by a static deflection;
a fluid cannot”
static deflection close-packed molecules widely spaced molecules
strong cohesive forces negligible cohesive forces
g1 g1 =p
</ <t
0 > \ T1 o R \ 71 =0
<0 0D
—o=p
hydrostatic
condition >
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The Fluid as a Continuum

Fluid density is essentially a point function

fluid properties can be thought of as varying continually in space

Volume large enough such that the number of molecules within the volume is
constant

Volume small enough not to introduce macroscopic fluctuations

Microscopic uncertainty

P

Macroscopic uncertainty

. om MW
= 111 —
P SV—=6V* 0V

standard air: 6V* &~ 10~°mm?® =~ 3 x 10" molecules -



The Fluid as a Continuum

Flow properties varies smoothly

Differential calculus can be used
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Frame of Reference

2O

Eulerian

fluid properties as function of position and time
most often used in fluid mechanics

Lagrangian
follows a system in time and space
can be used in fluid mechanics
most often used in solid mechanics
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Properties of the Velocity Field

The fluid velocity is a function of position and time

Three components u, v, and w (one in each spatial direction)

V(x,y,z,t) =u(x,y,z,t)ex + v(x,y,z,t)e, + w(x,y,z,t)e;



Properties of the Velocity Field

Acceleration:

Vx,y,z,t) = u(x,y,z,t)ex + v(x,y,z,t)e, + w(X,y,z,t)e;
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Thermodynamic Properties

> Thermodynamic properties describe the state of a system, i.e., a collection of
matter of fixed identity which interacts with its surroundings

> In this course, the system will be a small fluid element, and all properties will be
assumed to be continuum properties of the flow field



Thermodynamic Properties

Pressure p Pa

Density p kg/m? most common properties
Temperature T K



Thermodynamic Properties

Pressure p Pa

Density p kg/m? most common properties
Temperature T K

Internal energy U
Enthalpyh =0+ p/p
Entropy s

Specific heats Cp, and C,

work, heat, and energy balances



Thermodynamic Properties

vy
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Pressure p Pa
Density p kg/m?
Temperature T K

Internal energy U
Enthalpy h =G +p/p
Entropy s

Specific heats Cp, and C,

Viscosity u
Thermal conductivity k

most common properties

work, heat, and energy balances

friction and heat conduction



Thermodynamic Properties

> For a single-phase substance, two basic properties are sufficient to get the
values of all others

p=pp,T),h=nh(,T), n=pp,T)

> |n the following it will be assumed that all thermodynamic properties exists as
point functions in a flowing fluid

> large enough number of molecules

> any changes are slower than the flow time scale = equilibrium



Thermodynamic Properties

Pressure: p[Pa]
> the compression stress at a point in a static fluid
> afluid flow is often driven by pressure gradients
> if the pressure drops below the vapor pressure in a liquid, vapor bubbles will form

Temperature: T[K]
> related to internal energy
> large temperature differences =- heat transfer may be important
Density: plkg/m?|
» mass per unit volume
> nearly constant in liquids (incompressible) - for water, the density increases about
one percent for a pressure increase by a factor of 220
> not constant for gases

P=RT



Potential and Kinetic Energies

The total stored energy per unit mass:
R
e=u-+ 5\/ +9z

the internal energy is a function of temperature

the potential and kinetic energies are kinematic quantities



State Relations for Gases

The perfect gas law:

where R is the gas constant

p = pRT

R:Cp—CV _____________ T

kg °K

3.13kJ 5.2kJ



State Relations for Gases

The ideal gas law requires: & = 4(T) and thus

specific heat (constant volume):

a0 di
C, = <ar>p = = =Cu(T)



State Relations for Gases

specific heat (constant pressure):

ratio of specific heats:



State Relations for Gases




Speed of Sound

Speed of sound plays an important role when compressible effects are important
(Chapter 9)

where 75 is the fluid compressibility

for an ideal gas:



Vapor Pressure

“the pressure at which a liquid boils and is in equilibrium with its own vapor”

Vapor pressure for water:

T[°C] | vapor pressure [Pa]

20 2340

100 101300




Vapor Pressure

If the pressure in a liquid gets lower than the vapor pressure, vapor bubbles will
appear in the liquid

If the pressure drops below the vapor pressure due to the flow itself we get
cavitation
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Viscosity

“relates the local stresses in a moving fluid to the strain rate of the fluid ele-
ment”

“a quantitative measure of the fluid’s resistance to flow”



Viscosity

ust

Oy [e—ay

) velocity profile

no slip at wall

ouot



Viscosity
for infinitesimal changes:

a0 _
dt  dy

from before we know that 7 % and thus 7 « o

For newtonian fluids:

.40 _ du
Mo T Fay

where i is the fluid viscosity



Viscosity

> Liquids have high viscosity that decreases with temperature
> intermolecular forces decreases with temperature

> Gases have low viscosity that increases with temperature
> increased temperature means increased molecular movement



Viscosity

Fluid pkgm™ts™h pkgm™3) v (m?s7h
Hydrogen 8.8 E-06 8.400 E-02 1.05 E-04
Air 1.8 E-05 1.200 E+00 1.51 E-05
Gasoline 2.9 E-04 6.800 E+02 4.22 E-07
Water 1.0 E-03 9.980 E+02 1.01 E-06
Mercury 1.5 E-03 1.358 E+04 1.16 E-07
SAE-30 Oil 2.9 E-02 8.910 E+02 3.25 E-04
Glycerin 1.5 E+00 1.264 E+03 1.18 E-03

Note! there are two different viscosities in the table (dynamic viscosity i and
kinematic viscosity v = 1/p)



Viscosity

Inviscid flows: flows where viscous forces are negligible

Viscous flows: flows where viscous forces are important



Reynolds number

» Non-dimensional number that relates viscous forces to inertial forces
> Very important parameter in fluid mechanics

> V and L are characteristic velocity and length scales of the flow



Reynolds number

Reynolds number flow description

low viscous, creeping motion (inertial forces negligible)
moderate laminar flow

high turbulent flow



Non-Newtonian Fluids

shear stress T

yield stress

ideal Bingham plastic

dilatant

Newtonian

pseudoplastic

) de
shear strain rate —
at
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No Slip/No Temperature Jump

"When a fluid flow is bounded by a solid surface, molecular interactions cause
the fluid in contact with the surface to seek momentum and energy equilib-
rium with that surface”



No Slip/No Temperature Jump

At a solid wall, the fluid will have the velocity and temperature of the wall




Laminar/Turbulent Flow

T TRANSITION

TURBULENCE

LAMINAR FLOW—.
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Flow Analysis

Chapter 3 - Control-volume (integral) approach
Chapter 4 - Infinitesimal system (differential) approach

Chapter 5 - Dimensional analysis approach



Flow Analysis

Conservation of mass (continuity)

Conservation of momentum (Newton’s second law)
Conservation of energy (first law of thermodynamics)
State relation (for example the ideal gas law)
Second law of thermodynamics

Boundary conditions



Flow Visualization

Streamline
a line that is tangent to the velocity vector everywhere at an instant in time

Pathline
the actual path traversed by a fluid particle

Streakline
the locus of particles that have earlier passed through a prescribed point

Timeline
a line formed by a set of particles at a given instant



Flow Visualization

Streamline
> aline that is tangent to the velocity vector everywhere at an instant in time

Pathline
> the actual path traversed by a fluid particle

Streakline
> the locus of particles that have earlier passed through a prescribed point

Timeline
> aline formed by a set of particles at a given instant

Note! In a steady-state flow, streamlines, pathlines and streaklines are identical



Streamline

Tangent to flow velocity vector everywhere

——
— \.



Streamtube

"Constructed” from individual streamlines

No flow across streamtube "walls” (by definition)




Pathline vs Streakline
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Example - Flow Between Plates

u=YV
_—
h u(y)

No acceleration
No pressure gradients
two-dimensional flow



Example - Flow Between Plates
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_
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-

TAX x 1

op or B
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Example - Flow Between Plates
u=V

_—

h u(y)




Flow Categories
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Flow Categories

[ viscous ]<—>[ inviscid ]

( compressible }—»[ incompressible ]




Flow Categories

[ viscous ]<—>[ inviscid ]
[ compressible ]<—>[ incompressible ]
[ turbulent ]<—>[ laminar ]




Flow Categories

viscous

compressible

turbulent
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Flow Categories

viscous

inviscid

compressible

incompressible

turbulent

laminar

unsteady

steady-state
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Learning Outcomes

9 Explain how to do a force balance for fluid element (forces and pressure
gradients)
10 Understand and explain buoyancy and cavitation
11 Solve problems involving hydrostatic pressure and buoyancy

we will have a look at the pressure distribution in a fluid at rest, i.e. no flow yet...
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Motivation

> Many problems does not include fluid motion
> pressure distribution in a static fluid
> pressure on solid surfaces due to presence of static fluid
> floating and submerged bodies



Motivation

Examples: ;
pressure distribution in the atmosphere and in oceans
design of pressure measurement devices
buoyancy on a submerged body
behavior of floating bodies
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Pressure

> Pressure is a thermodynamic property . NS

> Pressure is not a force and has no direction

> Forces arise when the molecules of the fluid interacts with the surface of an
immersed body

> A force in the surface-normal direction is generated due to the collision of fluid
molecules and the surface



Pressure Variation in a Fluid at Rest

Fluid at rest - no shear (by definition)
Pressures py, pz, and p, may be different
Small element = constant pressure on each face

As




Pressure Variation in a Fluid at Rest

S " Fi=0=pbAz — pybAssing

1
> Fr=0=pbAx — ppbAs cos b — 5 PIbAXAZ

{

Az = Assin 0
AXx = Ascosf

Px —>

As

Az




Pressure Variation in a Fluid at Rest

ZFX =0 = pybAz — p,bAz

1
ZFZ =0 =p,bAX — phbAx — §,OgbAXAZ

Px = Pn
1
Pz =pPn+ inAZ

Px ———

As

Az




Pressure Variation in a Fluid at Rest

Since 6 is arbitrary, the result is general
There is no pressure change in the horizontal direction

The pressure change in the vertical direction is proportional to the depth

"The pressure in a static fluid is a point property, independent of orientation”



Pressure Forces on a Fluid Element y

az

1]
pdydz — — (p + '—pdx) adydz
dy ox

p=px,y,z,t)

\z ax

dFy = pdydz — (p + gpdx> dydz = —g—pdxdydz

dFp = — Fm a,o % ez} axdydz

x" Tyt e

f is the net force per unit volume



Pressure Forces on a Fluid Element

"t is not the pressure but the pressure gradient causing a net force which
must be balanced by gravity or acceleration”
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Equilibrium of a Fluid Element

> Force balance for a small element

> pressure gradients gives surface forces
> body forces (electromagnetic or gravitational potentials)
> surface forces due to viscous stresses

Newton’s second law:

Zf:fp—i—fg—i—fV:—Vp—i—pg—i—fV:pa



Equilibrium of a Fluid Element

Hydrostatic problems:

no viscous forces
no acceleration

Newton’s second law reduces to:

Vp = pg

(the general form of Newton’s second law will be studied later)
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Hydrostatic Pressure in Liquids

Vp = pg

Vp is perpendicular everywhere to surfaces of constant p

The normal of constant-pressure surfaces will be aligned with g



Hydrostatic Pressure in Liquids

g = —ge;
dp
4z —pg

2
pzpl—/ p9az
J1



Hydrostatic Pressure in Liquids

2
for liquids, we assume constant density = py — p1 = —/ pgdz = —pg(z2 — 21)
1

Atmospheric pressure
Free surface
Water
a b © d
Depth 1 O o O O
Mercury
A B C D
Depth 2 ° ° o °

Pa = Pp = Pc = Pg
pPa =P = Pc # Pp



Hydrostatic Pressure in Liquids

Is the incompressible assumption for liquids a good assumption?
the density is 4.6 percent higher at the deepest part of the ocean - so yes!

2
P2 —P1 = / pg9az = —pg(z2 — 1)
1




Hydrostatic Pressure in Liquids

2
P2 —P1 = — / p9dz = —pg(za — 21)
J1

Why is mercury used for pressure measurements?



Hydrostatic Pressure in Gases

o _ P
@z~ M7 Rt

both pressure and temperature varies with altitude

/‘delnpz_g/de
1P p1 R/ T

Temperature variation T (z) needed



Hydrostatic Pressure in Gases

Altitude (km)

60

40

20

s 20.1 km —
o
o
©
i
- 11.0km
Troposphere
15°C
| 1 1 1
—60 —40 -20 0 20

Temperature (°C)

Altitude (km)

60

40

20

101.33 kPa

40 60 80
Pressure (kPa)

100

120
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Manometry

Known pressure py

p2 —p1 = —pog(22 —21)

p3 — P2 = —pw9g(Z3 — 22)

Glycerin (pg)
’ Pa —P3 = —pgg(z4 — 23)

I Zs5 P5 — P4 = —pm9(Z5 — 24)

Ps — P1 = —pm9(Z5 — Z4) — pg9(Za — 23) — pw9(Z3 — Z2) — po9(Z2 — 1)

Niklas Andersson - Chalmers 90/751



Manometry

Open, Patm

\, /

— 22, P2 = Patm

Ay PA —

jump across p =pyatz =zq influid 2

P2

Pascal’s law:
"Any two points at the same elevation in a continuous mass of the same
static fluid will be at the same pressure”



Manometry

Pa + p19(Za — 21) — p29(Z2 — Z1) = P2 = Patm

Open, Patm

\, /

— 22, P2 = Patm

Ay PA —

jump across p =pyatz =zq influid 2

P2

Pascal’s law:
"Any two points at the same elevation in a continuous mass of the same
static fluid will be at the same pressure”



Manometry

22, p2 —
P1

jump across

—

jump across

— 71, P1

23, P3 —

P2

P3

— 22, P2

jump across
—_—

— 73, P3

P4

— 2B, PB
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Buoyancy

Archimedes:

A body immersed in a fluid experiences a vertical buoyant force equal to the
weight of the fluid it displaces

A floating body displaces its own weight in the fluid in which it floats



Buoyancy

p9VaBCD

F=



Buoyancy

p9VaBcD

F =




Buoyancy




Buoyancy

Fup = p9(Va + V) o c

Faown = pGVa i




Buoyancy

In general

Fg = Z pig(displacement volume);

Floating bodies

Fg = body weight



Buoyancy - Stability

line of symmetry small disturbance small disturbance

» Center of gravity G e
» Center of buoyancy B W%FB
> Symmetry line H
» Metacenter M ‘

restoring moment overturning moment

Note! the center of buoyancy (B) is, in this case, the centroid of the displaced volume of liquid



Buoyancy - Stability
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Pressure measurement

Pressure is a derived property

The force per unit area related to fluid molecular bormbardment of a surface



Pressure measurement

(G

Section AA
Bourdon ron

tube

Pointer for

N
. A\ Flattened tube deflects
dial gage

\ \ outward under pressure

iy
N

Linkage

I

High pressure



Pressure measurement

fluid

membrane

strain gauge
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Manometer Example

P1+ Z PigA; — ZP/QA/ = P2 -

down
;

P14+ (A2 + A1)pag — A1peg — (A + A3z)pag = p2 A2
_x /

flow

P1+(A2+A1)pag—A1ppg—(Do+22 — Z1)pag = P2

(=) (=)= (2
pPAg9 pag PA
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Learning Outcomes

4 Be able to categorize a flow and have knowledge about how to select
applicable methods for the analysis of a specific flow based on category

12 Define Reynolds transport theorem using the concepts control volume and
system

13 Derive the control volume formulation of the continuity, momentum, and energy
equations using Reynolds transport theorem and solving problems using those
relations

15 Derive and use the Bernoulli equation (using the relation includes having
knowledge about its limitations)

we will derive methods suitable for estimation of forces and system analysis

fluid flow finally ...
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Conservation of energy

t

Conservation of angular momentum

t

,
\
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Motivation

Fluid motion analysis:

differential approach (chapter 4):

describe the detailed flow pattern at every point in the flow

control volume approach (chapter 3):

working with a finite region, balance in and out flow and determine gross flow
effects (force, torque, energy exchange, ... )

gives useful engineering estimates
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System vs Control Volume

All laws of mechanics are written for a system:

> A system is an arbitrary quantity of mass of fixed identity m
> The system is separated from its surroundings by its boundaries

> Interaction between the system and its surroundings



System Mass

Msyst = Cconst

o’m_

o

Obvious in solid mechanics but needs attention in fluid mechanics



Conservation Relations

Mass

Linear momentum
Angular momentum
Energy



Linear Momentum

If the surroundings exert a net force F on the system, the mass in the system will
begin to accelerate



Angular Momentum

If the surroundings exert a net moment M about the center of mass of the system,
there will be a rotation effect

_aH

M=

where H = X(r x V)dm is the angular momentum of the system about its center of
mass



Energy

First law of thermodynamics

Second law of thermodynamics



State Relations

> The above-listed relations includes thermodynamic properties
> Needs to be supplemented by a state relation

> Remember: a thermodynamic property can be calculated from any two other
thermodynamics properties

p=pp,T), e=ep,T)



Volume and Mass Flow Rate

Q= (V-n)dA
09

m = p(V -n)dA
o2
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Reynolds Transport Theorem

Converts mathematical relations for a specific system to relations for a specific region
fixed control volume
moving control volume
deformable control volume _




Reynolds Transport Theorem

Let B be any extensive property of the fluid (energy, momentum, enthalpy, ... )
5 is the corresponding intensive value (the amount B per unit mass)

The total amount of B in the control volume is

Boy = / Bam — / BpdV
cVv cVv

where 8 = g/Ti



Reynolds Transport Theorem

system ABoyt
- controlsurface P= ===~ 7 = ==

7

I 1 f 1

I 1 f 1

I 1 f 1

I Bey (t) ] | Bev (t + At)

I I | 1

I I | 1

I I | 1

I I | 1

I I i 1

I 1 f 1
flow _2Bn : : flow | 1
— — 1 I
— L ! — | j

system at time t system at time t + At

Bsys(t) = Bey(t) + ABj

Bsys(lL + At) = Bev (t + At) + ABout



Reynolds Transport Theorem

The rate of change of B for the system:

at At—0

At

Apply relations from previous slide =

stys ¢, 1 BCV (t + At) + ABouf - Bcv(t) _ AB”‘;
= l11m
at At—0 At



Reynolds Transport Theorem

Rewriting =
stys . Bcv (t + At) - Bcv(t) . ABout . ABIn
p— 1 —
g A At TAm AL A At
dBey Bout Bin
di
Bnet
B B .
d sys adBey + Bt

dat  dt




Reynolds Transport Theorem

Rate of change of B within the control volume

d

dt </ o dV)
Net flux of B over the control volume surface

| Bp(V -n)dA
CS



Reynolds Transport Theorem

d d
ot Bas) = </Cvﬁp >+/Csﬂp( n)

Lagrange Euler




Reynolds Transport Theorem

For a fixed control volume (the volume does not change in time)

d ’ 0
° ( y deV> - /C S epav



Reynolds Transport Theorem

If the control volume moves with the constant velocity Vg, the relative velocity of the
fluid crossing the control volume surface V.. is

and thus
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Conservation of Mass

Reynolds transport theorem with B =m and g = dB/dm = dm/dm =1

d d
&(msys) =0= gt (/C\/pdv> +/CSP(Vr‘n)dA

for a fixed control volume

[/Cvapdv+/ (Vr~n)dA0}




Conservation of Mass

for a control volume with a number of one-dimensional inlets and outlets

/c 9Py + Z PiANV ) out — Z(P/A/V/)/n =0
V i

i

Control surface (CS)

Control volume (CV)



Conservation of Mass

Steady state = dp/0t =0

/ (Vs - m)0A = 0
CS

or

> (pAVout =D (pAV)in

I I



Conservation of Mass

Incompressible flow = 9p/0t = 0

/CS(Vr ‘n)0A = 0

or

Z(A/Vi)out = Z(Af\//)/n

I I



Conservation of Mass - Example 1

V-n=20
Steady flow through a streamtube e .
> steady state = no changes in time ‘
> streamtube =- only flow through the surfaces ®
1 and 2 1 \® Streamtube control volume

m = p1A1V1 = p2A2V2 = const

if the density is constant (incompressible flow)

A
Q=A1V1 =AV, =const =V, = A—lvl
2

Remember: a streamtube is constructed from a set of streamlines



Conservation of Mass - Example 2

Compute the average velocity for a steady laminar incompressible viscous flow
through a circular tube with given axial velocity profile

r=R u = 0 (no slip)

ry 2
v UO (1 B (E) > r u(r)
Assumptions: ) o U

1. Laminar flow
2. Steady state = no changes in time
3. Incompressible = constant density U = 0{nosip)

1 1 (A r\2 20U, 7 ry 2




Conservation of Mass - Example 2

Vay = QRUQO/OR (1— <;>2>rdr—

Thus, for laminar pipe flow

Vav: -

2U,

R2

r

[

2



Conservation of Mass - Example 3

Compute the average velocity for a steady turbulent incompressible viscous flow
through a circular tube with given axial velocity profile

r=R u = 0 (no slip)

r m
u~U, (1 — —) g\
R \ "\ ui
Assumptions:

1. Turbulent flow: 1/5 >m > 1/9 7/
2. Steady state = no changes in time

u = 0 (no slip)
3. Incompressible = constant density

1 I r\m 2U, [ r\m



Conservation of Mass - Example 3

r—R(1-5)"mr+r+R)]"

Vav%wj/ﬁ(l—r>mrdr_2UO
0

R? R R? (m+1)(m+2)

Thus, for turbulent pipe flow
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Linear Momentum

Reynolds transport theorem with B = mV and 5 = dB/dm = d(mV)/dm =V

; ; / ) /
—(MV)gys = F=— VpdV | + Vp(V; -n)dA
o’t( Jsys Z at ( oy P - Pl )

1. Vs the velocity relative to an inertial (non-accelerating) coordinate system

2. Z F is the vector sum of all forces on the system (surface forces and body
forces)

3. the relation is a vector relation (three components)



Linear Momentum

Forces:
solid bodies that protrude through the control volume surface
forces due to pressure and viscous stresses of the surrounding fluid



Surface Pressure Force

F, = /Csp(—n)o’A

Fp = /C (P — Patm)(—m)dA = / Pgage(—

101.3 kPa

276.0 kPa > —> 101.3 kPa 174.7 kPa

. ®

@ 101.3 kPa




Surface Pressure Force

A free jet leaving a confined duct and exits into the ambient atmosphere will be at
atmospheric pressure

101.3 kPa

276.0 kPa > —> 101.3 kPa 174.7 kPa —

; ® ;

@ 101.3 kPa




Linear Momentum - Example

Steady-state flow: deflection av a water jet without changing its velocity magnitude
> steady-state
> water = incompressible
> atmospheric pressure on all control volume surfaces
> neglect friction

F=myVy —miVy

[Vi| = [Vo| =V

> mass conservation: m; = ms =m = pAV



Linear Momentum - Example

Fx =mV(cosf — 1)
Fy =mVsind

F =mV/(cosf — 1,sin6,0)




Momentum Flux Correction Factor

One-dimensional flow through inlets and outlets is of course not true in reality

Introducing the correction factor ¢

/Vp(V -n)dA = (Vaym

where (for incompressible flow)

1
Vav - A/UdA



Momentum Flux Correction Factor

Laminar pipe flow:

Velocity profile:

u(r) = Umax (1 — (;)2>

From example 2 in the conservation-of-mass section |
we have that the average velocity for a laminar pipe Var
flow is obtained as:

Umax

Vav - 5 Umax

[\]
lﬁ
<
3
K




Momentum Flux Correction Factor

Vp(V-n)oA — 'Rugqax L (Y e (1= (5 207
/ | (%) (%)
/Vp(V-n)o’A —2rpU2,, /OR (1 - (/;)2>2rdr

/Vp(V -n)dA = %WRZpU,%aX



Momentum Flux Correction Factor

/V,o(V -mn)dA = %pWRQU,%aX

the mass flow m can be obtained as:

. 1
m = Vav/07r"?2 = §Umaxp7r'q2

which gives

2 Umax m

/Vp(V -n)dA = 3

from the definition of ¢

; 1 Umax .
Yot -t = Vo = {Var = S0ar | =



Momentum Flux Correction Factor

comparing the two expressions, we have that

2Umaxm _ Cumaxm
3 2

and thus ¢ = 4/3 for laminar incompressible flow



Momentum Flux Correction Factor

Turbulent pipe flow:
Velocity Profile:

r\m 1
u(r)zUmaX(l——> M =

From example 3 in the conservation-of-mass section !

we have that the average velocity for a laminar pipe L Vo

Umax

flow is obtained as:

2Upmax
(L+m)(2+m)

Vav -

|




Momentum Flux Correction Factor

4p7r/:x’2U,%an
T+ m2( +m)?

R A 2m
27Uz / (1-5)" rar=conR?VZ, = ¢
0

R

(r—R) (1—%)2m 2mr+r+R) AR2
2 :C =
2(1 4+ 2m)(1+m) (1+m)2(2+m)?
0
R? 4R? (1+m)2(2+m)?

Arami+m ~° 6=

(I+m)3(2+m)3 4(1 4 2m)(1 +m)



Momentum Flux Correction Factor

Laminar pipe flow:

¢ = 4/3 should be used

Turbulent pipe flow:

(1+m)2(2 +m)>

¢= A1+ 2m)(1 +m)

| /5 | 16 | 17 | /8 | 1/9

m
¢ [1.037 [ 1.027 | 1.020 | 1.016 | 1.013

(¢ = 1.0 is often a good approximation)
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The Bernoulli Equation

The relation between pressure, velocity, and elevation in a frictionless flow



The Bernoulli Equation

Frictionless flow along a streamline (streamtube with infinitesimal cross section area)

A+ dA
A & \ p+dp
V4 dv dp(A + dA)
p+dp «~
V,p, p
conservation of mass: - @v W~ pgdV

1
F p,perimeter = EdpdA

d . : d .
where m = pAV and dV ~ Ads

dm = d(pAV) = —%Ads



The Bernoulli Equation

linear momentum equation in the streamwise direction:

. . 0 .
S = S ([ VoaV )+ () — (), = 5 (V) AdS + V)
at \ oy ot

frictionless flow means: only pressure and gravity forces

1
dFsp ~ §ClpdA — (A+dA)dp ~ —Adp
dFsgrar = —dWsin = —(gpA)ds sin @ = —gpAdz

ZO’FS = —gpAdz—Adp = % (pV)Ads +d (mV)



The Bernoulli Equation

% . .
—gpAdz—Adp = %VAO/S + %t pAds + mdV + Vdm

the continuity equation gives

ap N
4 [atAo’s + dm} =0

and thus

% pAds + Adp + mdV + gpAdz = 0

Now, divide by pA
oV ap

—ads+ —+VdV +gdz =0
ot P



The Bernoulli Equation

Bernoulli’s equation for unsteady frictionless flow along a streamline (the relation just
derived) can be integrated between any two points along the streamline

—d +/ ~Vi)+g@z—21)=0
1



The Bernoulli Equation

Steady (0V /ot = 0), incompressible (constant density) flow:

1 1
P1+ 5pVi + pgz1 = pa + 5 pV3 + pgzy = const




The Bernoulli Equation

Note! the following restrictive assumptions have been made in the derivation

steady flow

many flows can be treated as steady at least when doing control volume type of
analysis

incompressible flow

low velocity gas flow without significant changes in pressure, liquid flow
frictionless flow

friction is in general important
flow along a single streamline

different streamlines in general have different constants, we shall see later that
under specific circumstances all streamlines have the same constant

One should be aware of these restrictions when using the Bernoulli relation



Relation to the Energy Equation

1 1
p1 + §PV12 + p9z1 = p2 + EpVQQ + pgzy = const

> Derived from the momentum equation

> May be interpreted as a idealized energy equation (changes from 1 to 2)

> reversible pressure work

> Kkinetic energy change

> potential energy change

» no exchange due to viscous dissipation



Stagnation, Static, and Dynamic Pressures
In many flows, elevation changes are negligible

1 1
P1+ Vi =P2+ 5pV3 = po
Static pressure: p; and ps
Dynamic pressure: 5pV1 and §pV2

Stagnation (total) pressure: pg






Pitot Static Tube

1 1
p1 + ipa/‘ru% + p9z1 = P2 + §PafrU§ + p9Z2

U1 = 0. (1N
Us =U LU= 2pwater@h
21 ~ 22 Pair
P1—pP2 = Pwatergh

water




Hydraulic and Energy Grade Lines

] e
Vi HGL
ea: 2.4 P
. — V4
p9 29 1% P
/ P9 i
constant if: =
no friction / /
no heat transfer » o
no work / s ‘
| REF

2
HoL: P z-ecL-
rg 29



Venturi Tube

o1 + V1 +9z1 = Pz + V2 + 972
P P
71 = Zo gives
2Ap
vZ_oyz=""0
2 1 P
continuity:
A
A1V1 :A2V2 = V1 /?2\/2
1

inserted in the Bernoulli equation, this gives

4 1/2
QDIAIO ):| =m= pAQVQ =

Y D202 [ 2pAp 1Y/?
‘7 [p0f - D}

4 |DI—DI



Tank Problem - Solution 1

vi
29

conservation of mass: ©)

A
A1V1 :AQVQ = V1 = lVQ
A1

— 7o

Bernoulli: : 2
/@ p‘opinget
pr 1 pz 1 5
+Vi+9zi=—+;Vi+92

p B p 27 . 2gh

A
' - (#)

P1 = P2 = Patm

Ay <Al = Vo x \/2gh
V2 - V2 =29(z1 —z2) = 2gh



Tank Problem - Solution 2

The outflow is very small in compared to
the tank volume and thus the water
surface hardly moves at all, i.e. V4 ~ 0

Bernoulli:

1 1
%+2V§+gzl = pr—l- S Vs +922

Vi~ 0, p1 = P2 = Patm

vi
29

@ P2 = Patm

— 75

v _
open jet

V22 = 29(21 —22) = 2Qh

VQ = \/29/7



HANDLING A STUDENT WHO
|CHALLENGES, YOUR EXPERTISE
WITH AN INSIGHTFUL QUESTION

50, KIDS, THE. AIR ABOVE THE WING
TRAVELS A LONGER DISTANCE, 50
T HAS T0.Go PASTER T KEEPUPR
FRSTER AIR EXERTS LEK PRESSURE,
SOTHE WING IS LIFTED UPLIARD:

BUT THEN WHY

RIGHT:
Wow, GOoD QUESTION!
~MAYBE THIS PICTURE IS
SIMPUIFIED~OR WRONG!
\WE SHOULD LEARN MORE.

IT5... COMPUCATED,

L aouesen

:
:

SANTA CLALS 15
“— YOUR PRRENTS.
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Angular Momentum

Angular momentum about a point o

syst

where r is the position vector from o to the element mass dm and V is the velocity of

that element
y

The amount of angular momentum per unit mass

<

_ dH,

am =rxV / x

g




Angular Momentum

Reynold’s transport theorem:

dH,
at

_ % [/Cv(r X V)pdV} + /Cs(r X V)p(V; - n)dA

syst

for inertial coordinate systems:

dio => My=)» (rxF)



Angular Momentum

Non-deformable inertial control volume:

Smo- 5|

/Cv(r X V)pdv] + /Cs(r % V)p(V - n)dA

one-dimensional inlets and outlets

/Cs(r x V)p(V -n)dA = Z(r X V) outMout — Z(r X V)inMin



Angular Momentum Example - Lawn Sprinkler

> M, = % Ucv(r X V)pdV] + ./cs(r x V)p(V; - n)dA

@ absolute outlet velocity

{ Vo = (Vo —Rw,0,0) —~ ,@\—» Vo = (Vo — Rw)ex

Vo =(0,0,%) T |

T 3 y 3 v
{ s - (07 R’ 0) 7 /L xetarding‘tjrque To
ro = (0,0,0) )
inlet velocity

Vo = ;cz



Angular Momentum Example - Lawn Sprinkler

steady-state:



Angular Momentum Example - Lawn Sprinkler

> M, = / (r x V)p(Vy - n)dA

inlet:
(ro x Vo) = (0,0,0) x (0,0,V,) = (0,0,0)

(Vor -10) = (0,0,V,) - (0,0, —1) = —V,

(to x Vo)p(Vo - 1o)As = —(0,0,0)pV0A, = (0,0,0)

outlet:
(ra x Vo) = (0,R,0) x (Vo — Rw,0,0) = (070’9% ~RV,)
(Vo -my) = (V5,0,0) - (1,0,0) = Vo

(ro X Va)p(Va - n3)As = (0, 0,R%w — RVo)pVoAs = pQ(O,O,RQW —RVy)



Angular Momentum Example - Lawn Sprinkler

3 M, = (0,0, ~To) = pQ(0,0,R% — RV,)

Vo o

R pQR?

Note:

V,
with a negligible retarding torque, i.e. To ~ 0., we get w ~ w|7,—g. = ﬁo [rad/s]

the torque required to hold the sprinkler arm still is Ty |,—0. = pQVR [NmM]
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The Energy Equation

Reynold’s transport theorem applied the the first law of thermodynamics
B=E, p=dE/dm =¢)

0Qys dWes dEys  d
at gt at  at /Cvepdv +/Csep(v'n>dA

Recall:
positive Qsys: heat added to the system
positive Wsys: work done by the system on its surroundings



The Energy Equation - Energy per Unit Mass

€ = Cinternal 1 Ckinetic + epotenﬁa/ =+ Cother

Eother COUId be related to, for example, chemical reactions, nuclear reactions, or
magnetic fields and will not be considered here

.1
e=0+ §V2+gz



The Energy Equation - Work

The work term W can be divided into shaft work, pressure work, and work related to
viscous forces

W, :/ p(V -n)dA
CS

v'\/y:—/ - VdA
CS



The Energy Equation - Pressure Work

W, = [ p(V-n)dA
CS

The rate of work done by pressure forces on the control volume surfaces

internal forces will always have an opposite force leading to cancelation



The Energy Equation - Viscous Work

WV——/ 7-VdA
CS

The rate of work related to viscous stresses on the control volume surfaces

important or not depending on flow situation



The Energy Equation - Control Volume Boundaries

Solid walls:
no-slip = Wl, =0

Machine surfaces:
viscous work included implicitly in shaft work

Inlets/outlets:

flow aligned with surface normal (usually) and normal viscous stress components
are in most cases very small

Streamlines:
viscous stresses may be significant depending on streamline location



The Energy Equation

Q—Ws—W, = a </ epdV) +/ pe(V-n)dA+ [ p(V-n)dA
at \Jev cs cs

collecting surface integrals gives



The Energy Equation

or

) . . d
Q_ S Vd|:

/ <0+ Ly +gz) ,odV] +
cv 2

+/ <f7+ —\2 +gz> p(V -n)dA
cs

~

where h is the enthalpy defined as h = & + p/p



The Energy Equation
Steady state:
Q—Ws—W, :/ <f7+1V2+gZ> p(V -n)dA
cs 2
Special case: one inlet and one outlet (both one-dimensional)
: M M . o 1 2 . ~ 1 2
Q—-Ws—-W, =-my|h+ 5\/1 +9z1 ) +ma | ha + §V2 + 922

continuity = m; = my = m, divide by m gives

A 1 A 1
h1+§\/12+921 :h2+§v22+gZQ*Q+WS+WV



The Energy Equation

1 .1
h1+§\/12+QZ1:/72+§\/22+QZQ—CI+WS+WV

all terms has the dimension [m?/s?], divide by g [m/s?] to get dimension [m]

V2 V2
Pt Vi, P2 Vs 9 hth,
rg 9 29 rg 9 29 g

p/(pg): pressure head

V2 /2g: velocity head



The Energy Equation

> steady-state flow

> incompressible (low speed)

> pipe/duct that may or may not include turbines and pumps
> solid walls = h, =0

V? V2 (g — (17 —
<D1++ > <,O2_i_+ >+U2 ur—q
rg 29 rg 29 g

hoy ho,

where h, is available head or total head



The Energy Equation

> friction head losses hy (always positive)
> pump head input hy
> turbine head extraction h;

V2 V2
(pl+1+zl> —<p2+2+22) +hr —hp + hy
pg 29 in pg 29 out




Kinetic Energy Correction Factor

One-dimensional flow through inlets and outlets is of course not true in reality

Introducing the correction factor «

2

aVg .
&
2

/ %VQp(V-n)dA =

where (for incompressible flow)

1
Va\/ — A/UdA



Kinetic Energy Correction Factor

. V2 \/2
<’Ol+all+zl> :(p2+&22+22) +hf*hp+ht
pg 29 in pg 29 out




Kinetic Energy Correction Factor

Laminar pipe flow:

Velocity profile:

u(r) = Umax (1 — (;)2>

From example 2 in the conservation-of-mass section |
we have that the average velocity for a laminar pipe Var
flow is obtained as: .

Umax

Vav - 5 Umax

I
\‘\
> Umax
V,
: —)
{




Kinetic Energy Correction Factor

"1 il ry2\? ry2
/ 5V20(V - m)0A = : 5 Uk (1 - <§) ) pUmex (1 - (§> >27rro’r

1 9 3 R r 2 3
/2v p(V-n)dA—pWUmaX/O <1— (ﬁ) ) rdr

1
/ %VQp(V -n)dA = épﬂ'FmﬁU;o’naX



Kinetic Energy Correction Factor
1 2 1 213
5\/ p(V-n)dA = gpr? Unax

the mass flow m can be obtained as:

. 1
m= VanWRQ = iumaxPWRQ
which gives
2

/ %VQp(V ‘n)0A — U’Zaxm

from the definition of a

2 U2
/;Vzp(V.n)o’A = %m = {Vav — ;Umax} _ ®Ymax .



Kinetic Energy Correction Factor

comparing the two expressions, we have that

2 2
Uhax - _ alUfax -

4 8

and thus « = 2 for laminar incompressible flow



Kinetic Energy Correction Factor

Turbulent pipe flow:
Velocity Profile:

r\m 1
u(r)zUmaX(l——> M =

From example 3 in the conservation-of-mass section !

we have that the average velocity for a laminar pipe L Vo

Umax

flow is obtained as:

2Upmax
(L+m)(2+m)

Vav -

|




Kinetic Energy Correction Factor

4prR?U3, .
(1+m)3(2+m)3

R 3m
r 1
pWU,?;]aX/O (1 — ﬁ) rdr = ozipﬂ'F?QVg’V =«

R

r-R)(1- %)Sm (3mr +r +R) 4R
(1+3m)(2 + 3m) T A EmpeEmp
0
R? B 4R? A+ myP24m)
A+3m@+sm  “TrmPe+mPE ~ “ 7 401+ 3m)2+ 3m)



Kinetic Energy Correction Factor

Laminar pipe flow:
« = 2.0 should be used

Turbulent pipe flow:

(14+m)3(2+m)3
© 4(1+43m)(2 + 3m)

m| 15 | 16 | 17 | 18 | 1/9

o | 1.106 | 1.077 | 1.058 | 1.046 | 1.037

(o« = 1.0 is often a good approximation)



The Energy Equation - Pump Example

Task:
Calculate pump power if n = 0.8
Given:
1. Geometry and pressures from figure
2. The pump delivers water at a flow
rate Q = 0.04 m?/s
3. Friction losses between 1 and 2 are
given by hy = KVZ/(2g) where
= 101.3 kPa
K=~T7.5 511 =0.0m
4 a=x~1.07

Assumptions:

1. steady-state flow
2. negligible viscous work
3. large reservoir (V1 = 0)

machine

p2 = 70.0 kPa
73 = 6.0m
Dy = 8.0cm

water —»



The Energy Equation - Pump Example

Vo = Z =796m/s

V2 V2
(/91 + 21 +zl> - <p2 + 22 +22> +he—ho+he

P2 — P71 \/22 p1 = 101.3kPa

hp = +(z2—21)+(a2+K) 2= = 30.5m 2 =00m o

P g ( 29 n
water —- pump p2 = 70.0kPa

75 =6.0m
h Doy = 8.0cm

Poump = & 9 _ 14960 w (or 20 hp) 0
n



Roadmap - Integral Relations

Integ ations

t

Conservaygfl of energy

t

Conservation o%lar momentum

t

[ Conservation %ar momentum ]—»[ The BerVequation ]

[ ConservM of mass ]<—i Reynolds trwort theorem ’

[ Conservation relations ] ‘ System anwtrol volume ’




Integral Relations - Considerations

control volume type: non-deforming?, non-accelerating?
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Integral Relations - Considerations

control volume type: non-deforming?, non-accelerating?
steady flow? if not can the frame of reference be changed?
can friction be neglected?
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if compressible, can the ideal gas law be used?



Integral Relations - Considerations

L A

control volume type: non-deforming?, non-accelerating?
steady flow? if not can the frame of reference be changed?
can friction be neglected?

can the fluid be assumed to be incompressible?

if compressible, can the ideal gas law be used?

do we need to account for body forces (gravity etc)?



Integral Relations - Considerations

N o ok W

control volume type: non-deforming?, non-accelerating?
steady flow? if not can the frame of reference be changed?
can friction be neglected?

can the fluid be assumed to be incompressible?

if compressible, can the ideal gas law be used?

do we need to account for body forces (gravity etc)?

is there heat transfer, shaft work or viscous work



Integral Relations - Considerations

O N OO0~ N

control volume type: non-deforming?, non-accelerating?
steady flow? if not can the frame of reference be changed?
can friction be neglected?

can the fluid be assumed to be incompressible?

if compressible, can the ideal gas law be used?

do we need to account for body forces (gravity etc)?

is there heat transfer, shaft work or viscous work

can inlets/outlets be assumed to be one-dimensional
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Learning Outcomes

4 Be able to categorize a flow and have knowledge about how to select
applicable methods for the analysis of a specific flow based on category

14 Derive the continuity, momentum and energy equations on differential form
36 Define and explain vorticity

let’s push the control volume approach to the limit ...



Roadmap - Differential Relations [ Rotation and vorticity ]

[ Differential relations ]—>+
[ Boundary conditions ]—>(% [ Stream function & ]

[ Conservation of energy ’

[ Angular momentum nm ]4—(%

[ Conservation of linear momentum ]

[ Conservation of mass ]

[ The substantial derivative ]—»J%—[ Integral relations ]




Differential Relations

seeking the point-by-point details of a flow pattern by analyzing an infinitesi-
mal region of the flow



Differential Relations

Apply the four basic conservation laws to an infinitesimal control volume

The differential relations are in general very difficult to solve

Analytical solutions exists for a few cases

The differential relations form the basis for CFD software



High-Speed Nozzle Flow

) P s




The Acoustic Signature of a Supersonic Jet

Screeching rectangular supersonic jet




Lots of Equations Ahead

HOW PHILOSOPHICALLY EXCITING THE

GUESTIONS ARE To A NOVICE. STUDENT
in S QUANTIM
A sPECAL
RELATIT &, MECHANCS
Ve
MAGNETS X CeneraL
RELATNITY
—
BASC
PHYSICS FLUD
DYNAMICS
7 —»= MANY
HoL) MANY YEARS OF MATH ARE

NEEDED To UNDERSTAND THE ANSLJERS




Roadmap - Differential Relations [ Rotation and vorticity ]

[ Differential relations ]—*%)

[ Boundary conditions ]—»

[ Stream function & ]

f

[ Conservation of energy ’

[ Angular momentum nm ]‘—(Tg

[ Conservation of linear momentum ]

[ Conservation of mass ]

[ The substantial derivative ]—»£)<—[ Integral relations ]




Frame of Reference

Eulerian: observer fixed in space

Lagrangian: observer follows a fluid particle

recall the speedometer/traffic-camera analogy




Acceleration Field

In order to get to Newton’s second law, we need the acceleration vector

Velocity field:

V(r,t) = exu(x,y,z,t) + eyv(x,y,z,t) + e;W(X,y,2,t)

Acceleration field:

av _ v v aw
gt~ ¥ar "T¥ar "%



Acceleration Field

Each scalar component of the velocity vector (u, v, w) is a function of four variables
x,y,z,t) and thus

Au(xy,z,t) _0u  oudx  oudy oudz
dt Ot Oxdt  Odydt  ozdt

By definition dx/dt = u, dy/dt = v, and dz/dt =

au(x,y,z,t)  ou ou ou au

ou
o 8t+ af+v@+wg—§+(V-V)u



Acceleration Field

a= 8V—|— Ual+ 31+W01 oV (V V) D—V
31 It Ox dy 0z ot Dt

/oca/ convective




Acceleration Field

a—a—v+ ua—Vija—Vera—V oV +(V-V)V D—V
ot X dy oz ot Dt
~~
local convective

local acceleration: only in unsteady flows

convective acceleration: fluid particle that moves through regions of spatially
varying velocity



Substantial derivative

the sum of the local derivative and the convective derivative
follows a fluid particle but is expressed in an Eulerian frame of reference

an operator that can be applied to any variable

Do _op, o0 o
Dt~ ot TVax oy TWaz T TV VP



Roadmap - Differential Relations [ Rotation and vorticity ]

[ Differential relations ]—*%)

[ Boundary conditions ]—»

[ Stream function & ]

f

[ Conservation of energy ’

[ Angular momentum nm ]‘—(Tg

[ Conservation of linear momentum ]

[ Conservation of mass ]

[ The substw derivative ]—»£)<—[ Integral relations ]




Mass Conservation y

pudydz

o O O’V + Z PiANV ) out — Z(p/AiVi)/n =0
i

i

/ 94y~ 2P Srdxayaz
C\/

9 —adxdydz + g(pu)dxdydz + 2(,ov)c/xo’ydz + =

ot x dy oz

az

15}
o (pu + *(pu)dx) dydz
dy ox

0 (pw)axdydz = 0



Mass Conservation

The result is the continuity equation - conservation of mass for an infinitesimal
control volume

op 0 0 8 B

or in more compact form using vector notation

Op
ngV (pV)—O

Incompressible flow (constant density)

u v ow_
ox oy 0z



Roadmap - Differential Relations ( Rotation and vorticity ]

[ Differential relations ]—*%)

[ Boundary conditions J—»

[ Stream function & ]

f

[ Conservation of energy ’

[ Angular momentum nm ]‘—(%

[ Conservation of linear momentum ]

t
[ Conser\M of mass ]

[ The substw derivative ]—> 4—[ Integral relations ]




Linear Momentum

> F= /atvpdV+ZmV out = Y _(MiVi)in

13} 0
B (Vp)dV ~ 5 (Vp)dxdydz



Linear Momentum

— <

az

1%}
— (pUV + a—(puv)clx) dydz
X

puvdydz ——a— dy
A, dx
Face Inlet momentum flux Outlet momentum flux
[ 0
X puVdydz puV + a(puV)dx dydz
[ 0
1% pvVaxdz pvV + @/(va)Cly} axdz
[ 0
z pwVadxdy pwV + é(pwV)dz axdy




Linear Momentum

0 0 0 0
pu— — —
E F [at(VpHax(p“VHay(pVVHaz(pwv) dxdydz



Linear Momentum

d 0 0 0
V) + g (euV) afy(va) + gy V)
—— N—_——

dp_ OV ) v ) v
V@E+rSr Vo (ou)+puge Va%(pv)—i-pv% Vaz (pw)+ow 3

can be rewritten as

8 oV 8V 8V av

inui i av _DV
continuity equation W"‘(V'V)V—W

and thus

> F= p—dxdyo’z



Linear Momentum - Forces

Y F= p%—‘;dxdydz

Z F body forces: gravity and other field forces
" surface forces: pressure and viscous stresses



Linear Momentum - Gravity Force

dFgravity = pgaxdydz

if gravity is aligned with the negative z-direction

dF gravity = —ezpgaxdyaz



Linear Momentum - Surface Forces

oy
—P + Txx Tyx Tzx
—» Oxx
oj = Txy —P + Ty Tzy » ou| A

Txz Tyz —P + Tz

—_— X




Linear Momentum - Surface Forces

dxd a
y T (ayx 4+ dy) dxciz
A 8}/

7z —

aUXX
Oxdydz  4——— > (Uxx+ P dX) dydz

dy ——» X

oyxaxdz Oo-
(”zx +

o]
= dz) dxdy

oz
0

0 0
dFX,Surf - |:6X(Uxx) + @(ny) + ((TZX):| dxdydz

0z



Linear Momentum - Surface Forces

0 0 0
dFx surt = |:6X(O—XX) + @(ny) + &(sz)} dxdydz

Oxx = Txx — P, Oyx = Tyx, Ozx = Tzx

0 0 0
dFx surt = [,O + = (7x) + @

0

0z



Linear Momentum - Surface Forces

e 0 0 0

dFx surt = __ali + 67(Txx) + @(Tyx) + 82(7'2)()] dxdydz
[ op 0 0 0

afy sur = oy + &(Txy) + @(Tyy) + &(sz)} dxdydz
T o o ) B

aFz surf = oz + a(sz) + @(Tyz) + aZ(TZZ)] dxdydz



Linear Momentum - Surface Forces

dF = [-Vp + V - 7] dxdydz
where
Txx  Tyx Tzx

Ti =1 v Ty Tz
Txz Tyz Tzz

is the viscous stress tensor



Linear Momentum - Forces

Now, inserting the forces into the momentum equation gives

DV

Pg—V,O‘FV'T/j:PE




Linear Momentum

vector notation is powerful, tensor notation is even better ...

op  Omx | Omyx  Omax ou ou ou ou
P ox T ox Tay Tz T (81‘+ Yox Ty TV 62>

8p aTxy 8Tyy asz - 8\/ 3V 8\/ 8\/
M=oyt o Ty Tz T Plar TV Ty e

P  One O O (W ow  ow  ow
Pt o Yoy Tz T <8t+ ox VY TV az>

Note! the convective term (RHS) is nonlinear



Linear Momentum

Recall:

“For a Newtonian fluid, the viscous stresses are proportional to the element

Strain and the viscosity”

For incompressible flow:

u ov ow

0
Txx = 2#&7 Tyy = 2“@7 Tzz = 2“5

ou ov ou
Txy = Tyx = [ aﬁy‘ka y Tz = Tzx = 1 oz

ov  ow
Tyz = Tzy = [ E"'@

L ow
15)4



Linear Momentum

Couette flow: u = u(y)

ou

Txx = 2/”8)( =0
ov

Tyy = 2”@ =0
ow

Tzz = 21 oz =0

y = —h

I
yL
uy)
fixed wall
Txy = Tyx = I <
Txz = Tzx = 1 (

TyZ_TZ)/_:“<

o ov
gy  Ox
o ow
0z  OXx
o ow
0z oy

ou

@)

0



Linear Momentum

The incompressible Navier-Stokes equations

bu _ b, (Ou Ou du
Por — P T T o T T a2

v _ b, (O O O
Por = P9 ay Hl\oaxx T a2 T a2

Dw op <02W 0*w (92W>
+ 1

Por T M5 0x2+8y2+822



Linear Momentum

The incompressible Navier-Stokes equations

Non-linear equations

Three equations and four unknowns (p, u, v, w)

Combined with the continuity equations we have four equations and four
unknowns



I ABOUT  PROGRAMS  [MIENNIUMPROBIENS] FEOPLE  PUBLICATIONS  EVENTS  EUCLID

Millennium Problems

Yang-Mills and Mass Gap

2" mass gap" inthe solution to the quantum versions of the Yang: Mills equations. But
70 proof of this property is known.

Riemann Hypothesis
The prime number i listribution of the primes. Th tells us about e
average. Formulated in Riemann's 1859 paper, it asserts that all the 'non-obvious' zeros of the zeta function are complex numbers with real part 1/2.

P vs NP Problem

IFiti heck that o is correct, the problem? This s the essence of the Pvs NP question, Typical of

thatof the i 3 twice? If yougiveme a
solution, | thatit is correct. But | find asol

Navier-Stokes Equation
This s the e fuics sueh 2N air. However, there s 1o proof for the moss basic questions one can ask: o
solutions exst and are they unique? Wiy ask for  proot? Because proof gives not oy certtude, but lso understanding.

Hodge Conjecture
The answero ot of a system of agebraic equations canbe defined i terms of
further algebraic equations. tureisknowni pecialcases. e nset Jonessthan four.But in

iension four it s unknown.

Poincaré Conjecture

101904 the F ian Henri if i is characterized as the unique simply connected three

manifold. This question, the Poincaré conjecture, was a special case of Thurston's geometrization conjecture. Perelman's proof tellsus that every
threemanifold is built from 2 set of standard pieces, each with one of cight well-understood geometries.

Birch and Swinnerton-Dyer Conjecture
peri jdence,h e number ofpoints totherank ofthe group of
' v twovariabies, arise in many areas: Wies
proof ofthe Fermat Corjecture,factorizationof numbers into primes, and ryptography, to name three.

rational point:




Example - Couette Flow

u(y)

y=-—h

fixed wall

incompressible (p = const)

steady-state

lower plate fixed, upper plate moving with the velocity V
flow only in the x-directionv =w =0, u # 0

vvvyVvyy

no pressure gradient



Example - Couette Flow

continuity:
6;(/+g\;+%\/zv20:>{v_ —0}:2:1
momentum equation (x-direction):
ou  0Ou _dp Pu %
P<U0X 8y> ~ox PO I <0X2+8y2> = {v=w=0,

0



Example - Couette Flow

0%u
87)/2:0:>U:ay+b
boundary conditions:
uh)y=Vv
u(=h)=0 }:>
V. = ah 4+ b vV = ah + b
+ 0 = —-ah + b 0 = —-ah + b
AR\ 2b V = 2ah
V v



Example - Couette Flow ;

y=-—h

fixed wall

=4



Example - Poiseuille Flow

fixed wall

y=-—h

fixed wall
incompressible (p = const)
steady-state
lower and upper plate fixed
flow only in the x-directionv =w =0, u # 0
pressure gradient driven



Example - Poiseuille Flow

continuity:

ou ov ow ou
a4_074-5_0:»&— _O}:>0X 0

momentum equation (x-direction):

U@—FV@ = 8p+ + u 82u G ={v=w=0}=pu Pu u_op
P\%x "oy ] T " ox PIx T Bx2 0y2 S Hay2 =~ ox



Example - Poiseuille Flow

momentum equation (y-direction and z-direction):

op
gy ="

=P =p(x)
9p _

82_0



Example - Poiseuille Flow

d’u  dp
ud—yz :&:const<0

Why constant?

RHS function of x only

LHS function of y only

RHS=LHS = must be a constant
Why < 07

pressure must decrease in the flow direction



Example - Poiseuille Flow

d’u  dp
udT/? = =const <0
1d
py +ay +b

2/ ax



Example - Poiseuille Flow

boundary conditions:

uth)=0 -
u(=h)=0
1 dp, 1 adp,s
= ——"h h b -
0 21 + an + 0 2udxh ah
1 dp,, 1 dp
SR h b - = —=p -
+ 0 2udxh a + 0 QMO’Xh ah
REE D 42 + 2 0 = 2ah
wax
a=>0
b:Aid—th

2u dx



Example - Poiseuille Flow

fixed wall

y=h
YL
u(y)
y = —h
fixed wall
_hdo () (X)2
2p dx h
du dpy _adu|l B _ dph?
dy dxp  ady ij_OjumaX_u(O)_ ax 2

(remember: dp/dx < 0)



Roadmap - Differential Relations ( Rotation and vorticity ]

[ Differential relations ]—*%)

[ Boundary conditions J—»

[ Stream function & ]

f

[ Conservation of energy ’

[ Angular momentum mm ]<—(%
[ Conservation %ar momentum ]

t
[ Conser\M of mass ]

[ The substw derivative ]—> 4—[ Integral relations ]




Angular Momentum




Angular Momentum

0
axis through o parallel to the z-axis o | oy ’3 g+ 2 (oo
(0] ox
axis through the centroid of the element
0 angle of rotation about o ;
PE—
10 10

Ty — Tyx + 5&(Txy>dx - Qay(Tyx)dY] dxdydz =

L (ayaiz) (a® + dy?) S

2PV Vg



Angular Momentum

10 10
Ty — Tyx + Ea(Txy)dX - 5@(7'%)(1)/ dxdydz =

a0

1 2 2
12p(clxo/yo’z)(clx +dy )W

Neglect higher-order differential terms gives

Txy = Tyx

Analogously, we may obtain 7 ~ 7z and 7z, =~ 7y,



Angular Momentum

Note! there is no differential angular momentum equation ...

the only result from this section is that shear stresses are symmetric: 7; = 7;



Roadmap - Differential Relations ( Rotation and vorticity ]

[ Differential relations ]—*%)

[ Boundary conditions J—»

[ Stream function & ]

f

[ Conservation of energy ’

[ Angular rw;ntum am ]‘—(%
[ Conservation %ar momentum ]
[ Conservw of mass ]

[ The substw derivative ]—> 4—[ Integral relations ]




The Energy Equation

Integral formulation:

Q—WS—WV—d(/‘ epdv>+/ <e+p>p(V-n)dA
at \Jev cs P

h=e+p/p
Differential form:

ciz_wyz{8

pr (pe) + g(puh) + g(pvh) + 8(pwh)] adxdydz

Ox oy 0z

Ws = 0 we can not have a infinitesimal shaft protruding the control volume



The Energy Equation

Part I.

ot ot

adxdydz



The Energy Equation

Part Il.
P P P
&(Pum + @(PVh) + @(Pwm
) ) ) ) )
a(ﬂue) + @(PVe) + E(PWG) X (up) + @(VD) 82( wp)
Part II*
P P )
a*X(PUG) + a*y(f)ve) + &(PW@
e | 2 (pu) + () + 2 ow)| +p |u2 2 w0
ax P T gy P T 7\ PI%x Ty T Moz



The Energy Equation

Part II**

—(up) + aay(VD) + aaZ(WP)

ou ov_owl_  0p
Plox Tay T az

pV -V +V-Vp



The Energy Equation

reassemble and collect terms:

0 0 0
&(Pe) + a(PUh) + g(PVh) + &(/)Wh)
Plot ™ ox oy T oz
% 1 (V.V)e=2
dp 0 0 0
e {81‘ + &(PU) + @(PW + 82(/?W>] +

continuity equation

pV-V+V.Vp



The Energy Equation

L D
Q- W, = pD—f+pv-V+V-Vp axdydz



The Energy Equation - Added Heat

Now, let’s have a look at the added heat term Q

» Only conduction will be considered (no radiation)

> According the Fourier’s law of conduction, the heat flux is proportional to the
temperature gradient

q=—kVT

where k is the thermal conductivity and q is heat transfer per unit area



The Energy Equation - Added Heat

az

Qxdydz  — oy
Face Inlet heat flux Outlet heat flux Rz
X Qxdydz :qx + (?):dx] dydz where gy = —k%
y qyadxdz :qy + a;}//yc/y} dxdz where g, = kg;
z q-axdy :Clz + aaizo’z] dxdy where g, = —kgz

Fe)
> — > (ax + o (qx)dx) dydz
X



The Energy Equation - Added Heat

net added heat:

= — | — 4+ —= + —= = —V - qdxdyd.
Q 8x+8y axdydz V - qdxdydz

or

Q =V - (kVT)dxdydz



The Energy Equation - Viscous Work

The rate of work done by viscous stresses equals the product of the stress
component, its corresponding velocity component and surface area



The Energy Equation - Viscous Work y

Wx = — (UTXX + vy + WTXZ)

az

Wy dydz

17}
L —> (WX + — (WX)UX) dydz
dy ox

; 0
WV = — &(UTXX + VTxy + Wsz) +

0 0
@(UTyX + VTyy + WTyz) + &(UTZX + Vsz + WTzz) dXdde —

~V - (V- 7j)dxdydz



The Energy Equation

with the derived expressions for heat and viscous work we end up with

De

VA kVT)+ V- (V7)) = ppp

1PV -V+V-Vp



The Energy Equation

Now, introducing the viscous-dissipation function ¢ for Newtonian fluids and
incompressible flows

V-(V-1j)) =V-(V-75)+ ¢

ou\ 2 ov\?2 ow \ 2
¢:“F<@J w2(5) (%) +

v ouN L (ow v\ (ou ow?
ox oy oy 0z 0z  0Ox

where



The Energy Equation

Note!

"All terms in the viscous-dissipation function are quadratic which means that
in a viscous flow there will always be losses, which is in line with the second
law of thermodynamics”



The Energy Equation

De

Vo (VT) + V- (Vo) + 6 = o

+pV-V+V.Vp

Now, let’s eliminate the term V - (V - 7;) in the energy equation:

Momentum equation:
\%
P =P8-VP+V T

Multiply the momentum equation with the velocity vector (scalar product)

DV
V(Vemy) =pVe 5 —pV-g+V-Vp



The Energy Equation

Energy equation:

De
Poi +V-Vo+pV - V=V -(kVT)+V-(V-75)+ ¢
eliminate V - (V - 7;) using the result from previous slide

De

DV
gV VP +PY V=V (KVT)+pV- o —pV-g+V-Vp+¢

Dt

Doesn’t seem like a very wise move at this stage ...



The Energy Equation

As the next step, express energy per unit mass (e) as the sum of internal energy,
kinetic energy, and potential energy (as we did in Chapter 3)

1
e:u+§v2+gz

or in vector form:

1
e:U—|—§V-V—gr

where g = —(9x , 9y ,g-) is the gravity vector and r = (x, y, z) is the location vector



The Energy Equation

o1
e:U+§VV*gI'

Now, apply the substantial derivative to e

De D 1D D Du
ot ~ ot Tapt Y Vol =tV
—_— ——

:V%—Y* :V‘g*

* details on the following slides



The Energy Equation

1D 0
S (VoV) =5 | (Ve V) (V- V)V V)
0 6u2 o ow?
2w oy Loy gy Y

ot ot ot ot

ot



The Energy Equation

Wyvv=tw Y v.ow.v
2 ot —{—

(V-V)(V-V)= (V- V) + V2 +w?) =

=2u @‘FUV@ +uw8—w+uva—+v2@+vwa—w+uw@+vwﬁ+w26—w
ox ox ox ox ox ox ox ox ox

=2V (V.- V)V



The Energy Equation

N | —
D\D

t

1
2

ov
ot

DV

(V-V)==[2V.-Z— 42V (V- V)V| = V. —

Dt



The Energy Equation

—(gr) = ;(gr)+ (V- V)(gr) = %(gxx, 9y, 922) +(V - V)(gxx, gyy, 9z2) =

=(0,0,0)

ax “Fox Yoy T o 9%
99x 99y 09z ox Oy oz

) ox 0 dy _0 0z
V< ECLININ Py g,Y zgz+g>:V'(9x,9y79z)=V'g

ox oy o0z T oxTay oz



The Energy Equation

Now, insert

De Du DV
D B I

in the energy equation

Du

DV
por TPV o~V g+ V-Vp+pV -V =

Dt

DV

The highlighted terms cancel each other

Ok, this was why momentum equation was used here ...



The Energy Equation

Da

ph +PV-V=V-(kVT)+¢

Local and convective changes of internal energy are balanced by pressure work,
heat addition and viscous dissipation — viscous dissipation will always increase the
internal energy of the fluid
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f
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Flow Equations on Differential Form

Continuity: % +V-(pV)=0
A%
Momentum: pzif:[g——Vp4_v.m
Du
Energy: pp; TPV V=V-(kVT)+¢

five equations and seven unknowns (p,u,v,w,p, U, T) = two additional relations
needed:

p=npPT), t=0up,T)



Flow Equations on Differential Form

Boundary conditions:
solid wall: no slip, no temperature jump
inlet, outlet
liquid-gas interface
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The Stream Function (for the interested)

fulfill the continuity equation and solve the momentum equation directly for
the single variable



The Stream Function (for the interested) I—1

incompressible, two-dimensional flow

u v,
ox oy
define ¢ (x, y) such that
o (00N 0 [ o\
a (3) * o (“30) =0
and thus
_oy W
Ty T T

or

_|ov oy
V[ay’ ax]



The Stream Function (for the interested)

The rotation of the flow field is calculated using the curl operator

cur(V) =V x V= —V%)e,



The Stream Function (for the interested)

Now, apply the curl operator to the momentum equation

1
V><D—V:ng—foVﬁH-l/VxVQV:uVXVQV
Dt ~—— P ——

Vx%—Y+VX(V~V)V:yVXV2V
oV

i 0 (steady)

=V x (V-V)V=vV3V xV)
vV x V2V = vV?(V x V)



The Stream Function (for the interested)

(V~V)V;V(V-V)—VX(VXV)V<V;>—V><(V><V)

and thus

2
VX(V~V)V:VXV(V2)—VXVX(VXV):VX(VXV)XV

—_———
=0

VXx(VxV)xV=

(V-V)V x V)= (VXV)-V)V4 (VX V)(V-V)+V(V-(VxV)) =

=0 (incompressible) =0

(V-V)(V x V)= ((VxV)- V)V



The Stream Function (for the interested)

(V-V)(VxV)=((VxV)-V)V=vViV xV)

insert the stream function

I TP R I
(VV)(VXV)—(ay, ox’ ) (8X7ay7az)(0707 VQ/))
(0.0 V2. (2 9 0,0¢ 0Y
(V% V)- V)V = 0.0.-9%) - (5 2 (G2 -T2 0) <0
o 0 o0y



Stream Function (for the interested)

(e}

(V) — *@(V%) = vV (V)

oY o 0
oy ox ox
one equation for ¢ that fulfills both the momentum and continuity equations
scalar equation

contains fourth-order derivatives



Stream Function (for the interested)

Definition of a streamline in two dimensions:

ox _dy
u v
or
udy —vdx =0
and thus
o op

or ¢ is constant along a streamline ...

dr is aligned with v

ax ocu
dy v
az oc w



Stream Function (for the interested)

Implication:

Lines of constant « are streamlines of the flow

If we know (X, y), lines of constant v will be streamlines of the flow
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Flow Rotation

> |s the Couette flow irrotational?
> Note the change of the fluid element bisector angle 6



Flow Rotation

A
N ™
8 B = 5t Og — Oa
0 15} T 1
- 5 T0a=7+5(0a+0s)
S ent . .
i 957 the angular velocity of the bisector:

é:%(9A+93>



Flow Rotation

uAt

Ay; v+ FAX) At —vAt oy

sin(Afy) = A A aXAZ‘ K
) N
sin(Af,) ~ Af, for small angles 7= - v
7 |
% ~ @ p 4 oX EAQA 1 | Ay
At - ox o’ |
N~ 1 VAL
:éA 0 Ax =1
. ou )
in the same way 0 ~ ——
Y U By
N . 1
the angular velocity of the bisector: 6§ = 3 (HA + 93> =3 <g)\i - g;l>



Flow Rotation

From previous slide we get the angular velocity about the z axis
1 /0v oOu
Wz ==\ 5= — &
7 2\ox oy

Using the same reasoning, we can get the angular velocities about the x and y axes

1 (ow
=9 \ay oz

_1fou _ow
W= o \az T ox



Flow Rotation

ool 0 o
21 ox 8y oz
u v oow

The flow vorticity ( is defined as:

¢ =2w = curl(V)

Flows with zero vorticity are called irrotational

—curl(V

)



Frictionless Irrotational Flow

If the flow is both frictionless and irrotational:

1. the momentum equation reduces to Euler’s equation

DV

Ppr =P8 VP

2. the acceleration term can be simplified

DV oV

Dit—ﬁ—i-(V'V)V

where we can use the vector identity

(V-V)V = v%v?)w <V

Doesn’t seem like a
simplification but let’s try ...



Frictionless Flow

1. combine Euler’'s equation with the modified acceleration term

2. divide by p

3. dot product between the entire equation and an arbitrary displacement vector dr
oV

1, 1 B



Frictionless Flow

Now we want to get rid of the term ({ x V) - dr
1. 'V = 0; no flow - not interesting
2. ¢ = 0; irrotational flow
3. dr perpendicular to (¢ x V); strange
4. dr parallel to V; integrate along a streamline



Frictionless Flow
Fourth alternative: integrate along a streamline:
oV

1 1
T4 V(EVH+Vp —gl| -dr =
o + (2 )+p p—g| -dr=0

performing the scalar products gives

—g-dr={g= —ge;} =90z

Ly by b

Vp -dr = aXo’x+ 8ydy+ aZdz_o’/o

V(l\/?) o= 2 8V2dx+av2d +av2dz %
2 "9 Uax dy YT oz =59 (V)



Frictionless Flow

d
da—\; dr + d(\/2)+pp+gdz:()



Frictionless Flow

Integrate between any two points along the streamline

29V 2dp 1, 5 e
et [ P s0i-vhra@-2) =0

The Bernoulli equation for frictionless unsteady flow

Steady incompressible flow gives

1
P4 §V2 + gz = constant
p

Note! for irrotational flow this last results holds in the entire flow field with
the same constant
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Millennium Problems

... PROVING THAT ONE OF THESE FOUR IS UNSOLUABLE,
BUT NOT WHKH. IF ITS ONE OF THESE, IT WOULD OPEN
A HOLE N PERLMAN'S PONCARE. (CNJECTURE. PROOF,

BUT IT WOULD ALSE

- MEAN THAT SOLYNG

| EMHER OF THE OTHER
'\.‘ TWO LIOULD RE-PROVE
| PONCARE, AND IMPLY

\ HuDGE 15 150MORPHIC TO...

SECM‘WY"'

5

RS [
S pomtﬁﬁﬁ

IM TRYING TO MAKE IT S0 THE CLAY MATHEMATICS
INSTITUTE HAS TO OFFER AN EIGHTH PRIZE TO WHOEVER
FIGURES OUT WHO THEIR OTHER PRIZES SHOULD GO TO.







Overview

The Pi non-

theorem dimensional
rotation seelens

stream

function i
modeling

. and
Dimen- similarity
sional
conser- Differential Analysis

vation .
relations Relations

Bernoulli

Flow
Relations

Integral

L Relations

vation
relations

Reynolds
transport
theorem



Learning Outcomes

3 Define the Reynolds number

4 Be able to categorize a flow and have knowledge about how to select
applicable methods for the analysis of a specific flow based on category

17 Explain about how to use non-dimensional numbers and the 11 theorem

we will learn about how to plan experiments and compare experimental data
using dimensionless numbers
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Motivation

"Most practical fluid flow problems are too complex, both geometrically and
physically, to be solved analytically. They must be tested by experiments or
approximated by CFD”

Dimensional analysis:
> Large data sets may be represented by a few curves or even a single curve
> A systematic tool for data reduction
> Experimental/simulation data are more general in dimensionless form



Dimensions

To END MANY YEARS OF CONFUSION,
THE INTERNATIONAL COMMITTEE. FOR
WEIGHTS AND MEASURES HAS JUST
VOTED TO REDEFNE THE. KILOGRAM.

AS OF NEXT MAY, IT WILL
EQUAL EXACTLY ONE POUND:

OH, CooL.

THAT DOES MAKE
THINGS SIMPLER.

Ki

A
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Dimensional Analysis - What is it?

Dimensional analysis is a tool for systematic

planning of experiments

similarity between model and prototype
presentation of experimental data

insight into physical relationships
interpretation of measurements

identify important and unimportant parameters



Dimensional Analysis - What is it?

General description:

“If a phenomenon depends on n dimensional variables, dimensional analysis
will reduce the problem to only k dimensionless variables, where the reduc-
tion n — k depends on the problem complexity”

"Generally, n — k equals the number of primary dimensions”



Dimensional Analysis - Example Problem

Problem definition:

Suppose that we know that the force F on a particular body shape in a fluid flow
depends on

The length of the body L
The flow freestream velocity V oY
The fluid density p = F=iGV.pn)

The fluid viscosity



Dimensional Analysis - Example Problem

Let’s say that we need ten data points to define a curve




Dimensional Analysis - Example Problem

Let’s say that we need ten data points to define a curve

We need to test 10 lengths and for each of those, 10 velocities, ....



Dimensional Analysis - Example Problem

Let’s say that we need ten data points to define a curve

We need to test 10 lengths and for each of those, 10 velocities,

For our example problem we need to do 10000 experiments!!



Dimensional Analysis - Example Problem

Let’s say that we need ten data points to define a curve

0 20 10 60 80 100

We need to test 10 lengths and for each of those, 10 velocities, ....
For our example problem we need to do 10000 experiments!!

With dimensional analysis, the problem can be reduced as follows

F
pV2[2

—g <PVL> or Cr = g(Re) where g is an unknown function
n



Dimensional Analysis - Example Problem

Let’s say that we need ten data points to define a curve

0 20 10 60 80 100

We need to test 10 lengths and for each of those, 10 velocities, ....
For our example problem we need to do 10000 experiments!!

With dimensional analysis, the problem can be reduced as follows

F
pV2[2

—g <PVL> or Cr = g(Re) where g is an unknown function
n

The number of experiments needed have been reduced by a factor of 1000!!



Similarity - Model and Prototype
Let’s go back to the example problem from before
Cr =9(Re)
so if Rey = Rep that means that Cr ,, = Cr, (Where m is model and p prototype)

Frm
ST

G () (2)
pmVALE ppVng% Fm  pm \Vm Lm

_fe
PoViLs




Roadmap - Dimensional Analysis and Similarity

[ Dimens?analysis J

[ The II theorem ]

Differential equations ]—>i)

[ Non-dimensionalized equations

!

‘ Dimensionless groups

!

‘ Modeling and similarity




The Buckingham II-theorem

Systematic identification of non-dimensional numbers (IT-groups):

“If there is a physically meaningful equation involving a certain number n of
physical variables, then the original equation can be rewritten in terms of a
set of k dimensionless parameters 114, 1o, ..., II,. The reduction, j = n — K,
equals the number of variables that do not form a 11 among themselves and
is always less than or equal to the number of physical dimensions involved”



The Buckingham II-theorem

Systematic identification of non-dimensional numbers (IT-groups):

List and count the number of variables in the problem n
List the dimensions for each of the n variables

Count number of dimensions m

Find the reduction j

4.1 initial guess: j equals the number of dimensions m
4.2 look for j variables that do not form a II

4.3 if not possible reduce j by one and go back to 4.2

5. Select j scaling parameters

6. Add one of the other variables to your j repeating variables and form a power
product

7. Algebraically, find exponents that make the product dimensionless

W



The Buckingham II-theorem - Example

F - f(L7U/ p? lL)
number of variables: n =5
F ‘ L ‘ U ‘ P ‘ 7
oy | |y | ey ey

number of dimensions: m=3
reduction: | < 3

number of dimensionless groups: kK =n —j > 2



The Buckingham II-theorem - Example

Inspecting the variables, we see that L, U, and p cannot form a II-group

only p contains M (mass)
only U contains T (time)

L, U, and p are selected as the j repeating variables
The reduction will bej =3 andthusk =n—j =2

One of the II-groups will contain F and the other will contain



The Buckingham II-theorem - Example

Iy = LAUPp°F = (L)*(LT )P (ML™®)*(MLT %) = M°LOT?

L: a + b — 3¢ + 1 0
M - c + 1 =0
T: — b - 2 =0
which gives
a=-2,b=-2,c=-1
and thus



The Buckingham II-theorem - Example

Hg _ Laubpclufl - (L)a(LTfl)b(ML73)C(ML71T71)71 _ MOLOTO

L: a + b — 3¢ + 1 0
M - c — 1 =0
T: — b + 1 =0
which gives
a=b=c=1
and thus
HQZ&:RG



The Buckingham II-theorem - Example

If F =f(L,V,p, ), the theorem guaranties that, in this case, I1; = g(Ilz)

F UL
pER (pu> or Cr = g(Re)

where g is an unknown function



Roadmap - Dimensional Analysis and Similarity

[ Dimens%analysis ’
[ The worem ]

Differential equations ]—>i)

[ Non-dimensionalized equations

!

‘ Dimensionless groups

!

‘ Modeling and similarity




Non-dimensionalized Equations

Why would one want to make the governing equations non-dimensional?

> Understand flow physics
> Gives information about under what conditions terms are negligible

> A way to find important non-dimensional groups for a specific flow



Non-dimensionalized Equations

The incompressible flow continuity and momentum equations and corresponding
boundary conditions:

Continuity: V-V=0

DV
Navier-Stokes: ppr = PE—VP+ uViv
Solid surface:  no-slip (V = 0 if fixed surface)

Inlet/outlet: known velocity and pressure



Non-dimensionalized Equations

The variables in the continuity and momentum equations contain three primary
dimensions; M, L, and T

All variables included (p, V, p, X, y,z) can be made non-dimensional using three
constants:

1. density: p
2. reference velocity: U

3. reference length: L

reference properties are constants characteristic for a specific flow



Non-dimensionalized Equations

non-dimensional variables are denoted by an asterisk:

A\ ty
V* — * [
U ! L
V*=LV p*:D*egr
pU?

x5 y5z") =+ (x, ¥, 2)



Non-dimensionalized Equations

DV
P o = PE— VP + ViV

DV*  9V* aV* 9V 9v* L DV
Dt* — ot* Ox* y* oz U? Dt




Non-dimensionalized Equations

DV
Py =P8~ Vp + uv*v

L
—— V(b — pgr) = (Vp — pVer)

V*p :pU

L
pU?

B B ox 99x oy dgy 0z
Ver =V (9xX,9yY,922) = <QX8X HX any +y ) 925,

* L
=(9x, 9y, 9z) =g = —V'p* = ﬁ(pg—VD)



Non-dimensionalized Equations

DV
Ppr = PB— VP + ViV




Non-dimensionalized Equations

Continuity: V-V =0
. . DV* o * % 1 * 2§ 7k
Navier-Stokes: DE = -V'o" + pULv A"

Solid surface:  no-slip (V* = 0 if fixed surface)

Inlet/outlet: known velocity and pressure (V*, p*)



Non-dimensionalized Equations

The Reynolds number appears in the non-dimensional Navier-Stokes equations

DV*_ * %k 1% *2\7*
o = VP oV
Re:&

"

Reynolds number - ratio of inertia and viscosity



Roadmap - Dimensional Analysis and Similarity

[ Dimens%analysis ’
[ The worem ]

Differential equations ]—>i)

[ Non—dimensiwed equations

‘ Dimensionless groups

!

‘ Modeling and similarity




Dimensionless Groups

Definitions and interpretations of
non-dimensional groups
frequently used in fluid mechanics

parameter definition interpretation importance
UL inertia
Reynolds number Re =% —_— almost always
W viscosity
fl
Mach number M= g Lpeed compressible flow
a speed of sound
2 -
Froude number Fr= E |nej|a free-surface flow
gL gravity
2L inerti
Weber number We = Y L@ free-surface flow
T surface tension
: oon
Prandtl number Pr Lf’) 735:;13?:{1';; heat convection
C, enthal
specific heat ratio y=22 __enthalpy _ compressible flow
Cy, internal energy

Strouhal number
roughness ratio
pressure coefficient
lift coefficient

drag coefficient

skin friction coefficient

P —Poo
C, =2 P
© 05002
Fi
C= 0.5p0A
)
Co= 0.5p02A
Cr = Twall

T 0.5pU2

08
wall roughness
body length
static pressure

dynamic pressure

lift force
dynamic force
drag force
dynamic force

wall-shear stress
dynamic pressure

lating flow
turbulent flow
aerodynamics
aerodynamics
aerodynamics

boundary layers




The Reynolds Number

e miner flow
s trouient fow

LU
v




https://www.youtube.com/watch?v=wRaDPnpnx04

Compressible Flow



https://www.youtube.com/watch?v=wRaDPnpnx04

Oscillating Flows

0.4 T
St =
0.3 .

data spread

fL
u

Von Karman vortex street

0 1 \HHH\K\ \HHH\I\\HHH\'\ \HHH\“\ Ll ‘\ wmm_]
108 102 10*° 10" 10° 108 107
Rep




Oscillating Flows




OSC| | | a‘t' ng Fl OWS https://www.youtube.com/watch?v=XggxeuFDaDU

Tacoma bridge collapse 1940

oscillating frequency close to the natural vibration frequency of the bridge structure


https://www.youtube.com/watch?v=XggxeuFDaDU

OSC i | | a‘t i n g Fl OWS https://www.youtube.com/watch?v=ptYrbQGk6DQ



https://www.youtube.com/watch?v=ptYrbQGk6DQ

Example of Successful Dimensional Analysis

collection of data from a large number of experiments

. Fp
cylinder: Cp = ——~—
Y P= Tl
Fp
sphere: Cp = ————
P D= T (I g?
Fp
general: Cp = ———
3PUAp

Ap is the projected area

Cp

)

— Cylinder (2D
— Sphere

0 Ll \\HHH“\\H
100 102 10°

100 100 106

Rep
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Modeling and Similarity

Scaling of experimental results from model scale to prototype scale:

"Flow condlitions for a model test are completely similar if all relevant dimen-
sionless parameters have the same corresponding values for the model and
the prototype”



Geometric Similarity

"A model and prototype are geometrically similar if and only if all body dimen-
sions in all three coordinates have the same linear-scale ratio”

"All angles are preserved in geometric similarity. All flow directions are pre-
served. The orientations of model and prototype with respect to the sur-
roundings must be identical”



Geometric Similarity




Geometric Similarity

Homologous points - points that with the same relative location

[«—08m—>

o
10 Y / 10@,0m
Vo . Vmg 0.1 m

all dimensions should be scaled with the same linear scaling ratio
angle of attach should be the same

scaled nose radius

scaled surface roughness

Call 2V o



Kinematic Similarity

”The motions of two systems are kinematically similar if homologous particles
lie at homologous points at homologous times”

Geometric similarity is probably not sufficient to establish time-scale equivalence

Dynamic considerations:

1. Reynolds number equivalence
2. Mach number equivalence



Kinematic Similarity

“Incompressible frictionless low-speed flows without free surfaces are kine-
matically similar with independent length and time scales”

1
/\ .
Voo = B Voop y y
Vi, = BV, b N
V2m = B \/2p \/ \/Q/
2

prototype



Dynamic Similarity

“Dynamic similarity is achieved when the model and prototype have the same
length scale ratio, time scale ratio, and force scale ratio”

Compressible flow:

Reynolds number equivalence
Mach number equivalence
specific-heat ratio equivalence

Incompressible flow without free surfaces:
Reynolds number equivalence

Incompressible flow with free surfaces:
Reynolds number equivalence
Froude number equivalence (and if necessary Weber number and/or cavitation
number)



Dynamic Similarity

Finertia = Fpressure + Fgravity + Friction

"Dynamic similarity ensures that each of the force components will be in the
same ratio and have the same directions for model and prototype”
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Overview

Reynolds

stresses
Turbu-

lence
viscosity

Reynolds
decom-
position
Turbulence
Turbu-

lence
Modeling

laminar
flow flow
regimes

turbulent
flow

Duct Flow
friction
and losses



Learning Outcomes

3
4

6

8
18
19
20
24
25
26
27

Define the Reynolds number

Be able to categorize a flow and have knowledge about how to select
applicable methods for the analysis of a specific flow based on category

Explain what a boundary layer is and when/where/why it appears

Understand and be able to explain the concept shear stress

Explain losses appearing in pipe flows

Explain the difference between laminar and turbulent pipe flow

Solve pipe flow problems using Moody charts

Explain what is characteristic for a turbulent flow

Explain Reynolds decomposition and derive the RANS equations

Understand and explain the Boussinesq assumption and turbulent viscosity
Explain the difference between the regions in a boundary layer and what is
characteristic for each of the regions (viscous sub layer, buffer region, log region)

if you think about it, pipe flows are everywhere (a pipe flow is not a flow of pipes)
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Complementary Course Material

These lecture notes covers chapter 6 in the course book and additional course
material that you can find in the following documents

MTF053_Equation-for-Boundary-Layer-Flows.pdf

MTFO053_Turbulence.pdf


https://courses.onlineflowcalculator.com/fluidmech/docs/MTF053_Equations-for-Boundary-Layer-Flows.pdf
https://courses.onlineflowcalculator.com/fluidmech/docs/MTF053_Turbulence.pdf




Typical Pipe-Flow Problems

Example I:

Given pipe geometry, fluid properties, flow rate, and locations of valves, bends,
diffusers etc - estimate the pressure drop needed to drive the flow

Example Il
Given the pressure drop available from a pump - what flow rate can be expected
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Transition to Turbulence




Transition to Turbulence

Separation

ot

—— Cylinder (2D)
Al — Sphere

boundary layer

Turbulent

boundary layer

Transition

g O Ll me
boundary layer 101 102 103 104 105 106 107
Rep




Transition to Turbulence

Factors that affects the transition to turbulent flow:

Wall roughness
Fluctuations in incoming flow
Reynolds number



Transition to Turbulence
Reynolds number

small natural disturbances damp quickly| intermittent bursts of turbulence continuous turbulence

=
-3
<

AV AWV W AN AN

t

‘
Fluctuations in the fully turbulent flow velocity signal:
> typically 1% to 20% of the average velocity
> not periodic
> random

» continuous range (spectrum) of frequencies



Transition to Turbulence




Transition to Turbulence - Viscous Flow in Ducts

100
103
10*
106

< Re <
< Re <
< Re <
< Re <
< Re <
< Re <

100
103
10*
106

highly viscous laminar ”creeping” motion

laminar, strong Reynolds number dependence
laminar, boundary layer theory useful

transition to turbulence

turbulent, moderate Reynolds number dependence
turbulent, slight Reynolds number dependence

Note! The ranges will vary somewhat with geometry and surface roughness



Transition to Turbulence - Viscous Flow in Ducts

An accepted design value for pipe flow transition is

Red,cn'l‘ =~ 2300

Note!
this value is for pipe flows, other applications have different transition Reynolds
numbers
by careful design the Reynolds number can be pushed to higher values



Transition to Turbulence - Viscous Flow in Ducts

The great majority of our analyses are concerned with laminar flow or with
turbulent flow, and one should not normally design a flow operation in the
transition region.



Transition to Turbulence - Osborne Reynolds (1842-1912)

laminar flow

-+
:—@ﬁ

turbulent flow

el



Internal Flows

> Wall-bounded flows - constrained by bounding walls

> Boundary layers grows and meet at the center



Velocity Profile Development

~\ Y

u(r, x

-
.



Velocity Profile Development

Inviscid core
Grov:/mg boundary Iayer/ Boundary layer merge

\—\g\}z / 7
\‘::::= X
==u(.»)

~\

\!
\
\
/
1
/
I



Velocity Profile Development

~\ Y

I
\!
\
\
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1
/
I



Velocity Profile Development

I == G
— I X
-~ =—=>u(r,x) u(n)
7oy
1
/
I {<«— Entrance length Le —<— Fully developed —
(developing profile region) flow region

A Pressure

Entrance pressure drop




Velocity Profile Development

Le =1(d,V,p,u), V= %, Q:/udA:const

Dimensional analysis gives:



Velocity Profile Development

Laminar flow:
Le
— =~ 0.06Re
d d

The maximum laminar entrance length, at Req = Rey it = 2300, is Le = 138d, which
is the longest development length possible



Velocity Profile Development

Turbulent flow (Rey < 107):

e

L
~° ~ 1.6Re4/*
d €a

Rey ‘ 4.0 x 103 ‘ 1.0 x 10* ‘ 1.0 x 10° ‘ 1.0 x 10° ‘ 1.0 x 107

lefd| 13 | 16 | 28 | st |
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Head Loss




Head Loss

=Q=Q, Vi =Vy=V

Steady-flow energy equation:

V2 2
(p+a+z> :(p+a+z> + hy
jz¢] 29 1 P9 29 2

> No pumps or turbines between 1 and 2
> Fully developed flow (a1 = o)

p1 — P2 Ap
hy=(z; —z +< >:Az+
=@ 2) P9 P9




Head Loss

p1 = p2 + Ap ‘
Apply the momentum equation along the pipe: ? g l\ s e
Z Fy = Ap(nR?) + pg(mR?)L sin o — 7, (27R)L

Y Fe=mVy—Vi)=0




Head Loss

Ap(TR?) + pg(mR*)L sin a = 7, (27R)L

p1 = p2 + Ap
gx = gsina
g

ﬁ—kLsina: 2ﬂ£
rg rgd R

%—I—AZ—ZLTWL

g ~ g d




Friction Factor

Wh ere Henry Darcy 1803-1858

fo = f(Req,/d, duct shape)

is the Darcy friction factor

41y L LVv? 8Tw

cwE sl L 2w
pgd Pdag P T L2

Note! for non-circular pipes, 7, is an average value around the duct perimeter
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Fully-Developed Laminar Pipe Flow

Fully developed T
circular pipe with the diameter D and radius R B O ™
Pressure driven (Poiseuille flow) 0

ry\? du r u r
U(I’) = Umax (1 - (ﬁ) > = a = *QUmax@ = {\/ = n;ax} = 74\/@




Fully-Developed Laminar Pipe Flow

For laminar flow:

£ 87 { SuV ) 64p 64
= — = T\ = = -
b= vz Y7 D VD~ Rep

Note! in laminar flow, the friction factor is inversely proportional to the Reynolds
number



Fully-Developed Laminar Pipe Flow

— =

Umax

Fully developed

u(r)

> X

circular pipe with the diameter D and radius R
Pressure driven (Poiseuille flow)

r

2 a RZ

adx 4n




Fully-Developed Laminar Pipe Flow

_dp _ (Ap+pgAz I Ap + pgAz\ R?
ax L e L m

V= Umax <AD+PQAZ> R?

2 L 31

2 4
Q:/udA:VA:VWD _ (Ap“’gAz) ™0

4 L 12811




Fully-Developed Laminar Pipe Flow

We can now calculate the head loss according to

L V2 87
hs = fDE@ where fp = p—v‘/;

h 41y L { 8,uV} 16uVL  32uVL { 4Q } 128uQL
L B _ _ _ _

"= gD D [ pgDR — pgD? = aD2 wpgD*



Roadmap - Viscous Flow in Ducts

Governing Flow Equations

!

[ F|omwmes ]—>

Basiowcepts

Reynolds-Averaged

Navier-Stokes —|

(RANS)

!

Lamin@e Flow

{

Turbulent Pipe Flow

!

Wall Roughness and Friction

J

[ Local Losses

—

Darcy Fegin Factor

—

Near-Wall Models

[ Tools for Pipe-Flow Analysis $§ ]

]—»?4—[ Non-circular Ducts ]






T N
s — (6_‘3’ D) \) ‘
= \ £ 2 N

e Ao dGY)

"Observe the motion of the surface of the water, which resembles that of hair,
which has two motions, of which one is caused by the weight of the hair, the
other by the direction of the curls, thus the water has eddying motions, one
part of which is due to the principal current, the other to random and reverse

motion”
Leonardo Da Vinci



Governing Equations

Assumptions:

constant density and viscosity
no thermal interaction

Flow equations:

continuity: V-V=0

DV
momentum:  p-- = =V + pg + uVAv



Governing Equations

The differential energy equation is not included here but let’s have a look at it anyway

Da
Ppr +pV-V=V-(kVT)+ ¢
Pressure work:

pressure drives the flow through the duct

Viscous work:
no-slip condition = zero velocity at the walls = no work done by wall shear stress

So, where does the energy go?
pressure work is balanced by viscous dissipation in the interior of the flow



Reynolds’ Decomposition

Not possible to solve analytically

Often, the time-averaged quantities are what we are looking for



Reynolds’ Decomposition




Reynolds’ Decomposition

The mean square of the fluctuations are, however, not zero

c

— 1,
2 = 2ot
T/ou 70

measure of turbulence intensity

Mean of fluctuation products are generally not zero (U'v’, u'p’)




Reynolds’ Decomposition

Reynolds’ idea was to split all properties into mean and fluctuating parts:

u=u+Uu,v=v+v, w=w+w,p=p+p

insert into the governing equations
time average the equations



Reynolds’ Decomposition

Continuity:

ou  ov ow

x Ty T

Momentum (x-component):

r y T Tox TP TR k2 dy? = 922



Reynolds’ Decomposition

Continuity:

og ov ow ou o ow _0

x Tyt T Ty ez

time averaging the equation gives

ox oy 0z
and as a consequence
ou  ov  ow
u v W,

x oy T



Reynolds’ Decomposition

Momentum (x-component):
P\at ™ ot
( oo _ou  ,0u 8u’>
p +

U—+U—+U—+U—
6X+ 8x+ 8X+ ox

_ou  _ou ,0u ,ou’
p(Va)/‘i‘Va)/“v‘Vay‘i‘Va)/)“v‘
(7 4w D)

0z 1974 0z 0z
op  op o%u  0%u

o (8)( Tar T

T2 Tz



Reynolds’ Decomposition

Momentum (x-component):

time averaging the equation gives

f+u—+v—+W;+u’% o
ot ox oy

WL Jou
9) Ox ay oz
B, (P P 5
ox TP ke dy?  9z2
The highlighted terms can be rewritten as
Ul%‘l‘ é)u’Jr ouaud UV
ox oy oz

. Jr8u’w’ Y 87u’+87\/’+8w’
O0x oy 0z ox oy 0z

=0



Reynolds’ Decomposition

the continuity equation reduces to

on o7, oW _
ox oy 0z

the axial component of the momentum equation:

L O Ry A
Pot = “ox TP T ax \Fax TF

N OC iy v B PRy 7
oy May 0z Maz P




Reynolds’ Decomposition

By applying Reynolds’ decomposition to our governing equations, we have
introduced a number of new unknowns

The number of equations is the same as before, which means problems

Our new problem has a name

The closure problem



Reynolds’ Decomposition

The three correlation terms —pu’2, —pu’v’, and —pu’'w’ are called Reynolds stresses
or turbulent stresses

In duct and boundary layer flow, the stress —pu’v/, associated with the direction
normal to the wall, is dominant

y

T —pu'v’

Du _@ or —

—+pu'w’ —> —pu'u’

o ——
T = ,U«afy_Pu V2= Tiam + Tturb



Reynolds’ Decomposition

z

mass flow through surface element: m, = pv'dA

momentum balance in x-direction: F, = myu = pv' (U + U') dA

ron = X T @) = — VT — UV = (VG = VT = 0} = — gV
aA

= —pU'v’ can be interpreted as a shear stress



Reynolds’ Decomposition

Introducing turbulent viscosity ;; defined such that

TV =
oy

Boussinesq’s assumption

With the turbulent viscosity, the total shear stress = becomes:

Ly v L



Reynolds’ Decomposition

> laminar shear (7;,m) dominates in the near-wall region
> turbulent shear () dominates in the outer region
> both are important in the overlap layer

outer region

overlap region

viscous sublayer
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Turbulent Pipe Flow - Boundary-Layer Equations

Momentum equation (x-component)

where

T

For boundary-layer flows

p ax

:u@—pw—(wrm)

b o . . 0T
Por ™ “ax TP T gy

ou o
oy

7 ——d—ﬁ+ +(p+ )@
dy _ dX ng /1‘ lj‘t ay

(will be discussed in more detail in later lectures)



Turbulent Pipe Flow - Boundary-Layer Equations

VAL N i
P\"ax TVay ) T Tax TP Ty
{u—>()
y—=0=q_
vV —0
or dp



Turbulent Pipe Flow - Boundary-Layer Equations

or dp

.
T(y) = (df —pgx>y+C

.
7(0)=C=my=7(y) = <O,§_ng>)/+7'w

Note! with a negative pressure gradient, the shear stress will reduce with increasing
distance from the wall



Turbulent Pipe Flow - Boundary-Layer Equations

.
T(y) = (Cf; - p9x> Y+ Tw

At the wall, the shear stress is equal to the wall-shear stress

y—=0=171y) = 1w

In fact, assuming that the shear stress (1) is constant and equal to the wall-shear
stress (1) is a valid assumption in the near-wall region (some distance from the
wall but still close) as long as the pressure gradient is moderate.

Outside of the near-wall region, inertial effects has to be accounted for, i.e., Du/Dt
will not be zero and thus the shear stress will not be equal to the wall-shear stress.



Turbulent Boundary Layers

A turbulent boundary layer may be divided into different regions where the physical
processes leading to shear stress are clearly distinguishable

The viscous sublayer
the shear stress is dominated by molecular viscosity (1)

The buffer region
molecular viscosity (1) and turbulent viscosity (u;) are equally
important

The log layer
the shear stress is dominated by turbulent viscosity (1)

The outer region
inertial effects must be accounted for



Turbulent Boundary Layers

In the following we will discuss two turbulent boundary layer regions in detail:

The viscous sublayer - the region closest to the wall

The log region - outside of the viscous sublayer but still in the near-wall region



Viscous Sublayer

At the wall



Viscous Sublayer

Note! in the viscous sublayer, the average velocity increase linearly with the wall
distance



Viscous Sublayer

Introducing friction velocity defined as

and thus
*2 *2
T pu*cy Uty
% % v
which can be rewritten as:
u u*
2~ D vaidfory*t <510
NN
ut y+



The Log Region

Now, let’'s move a bit further out from the wall
1. 7 = const = 7, still (we have not moved that far out from the wall)

2. outside of the viscous sublayer p; > p and thus

— — ou
— UV ~ —pu'V = up—
p p et By

T =Tw —

ou
Hay

We need an estimate of u; to be able to solve this ...



The Log Region

Let’s first examine the relation between v’ and v/ (the velocity fluctuations in the

X and y directions)

The illustration below shows a fluid particle in a boundary-layer flow

y

a(y)



The Log Region

A positive v/ fluctuation will lead to a vertical transport of the fluid particle

The fluid particle will end up in a position in the flow where the axial velocity is
higher than where it came from, thus leading to a negative fluctuation in the axial
velocity at that position (u" < 0)

In the same way, a negative v/ fluctuation will lead to ' > 0

a(y)

The product u'v’ will always be negative if 9u/dy is positive °
in the wall-normal direction

— ou "
Thus mym = —pu'v! = m@ is positive



The Log Region

What about other type of boundary layers such as for example the flow over a
moving surface

moving wall frame of reference of the wall



The Log Region

Prandtl’s mixing length concept

“the average distance that a small mass of fluid will travel before it
exchanges its momentum with another mass of fluid”

ou A

Uy +Im) =U(y) +m oy /
- - o )
I Y 4 DA : -
Prandtl assumed v’ ~ /m@ /
oy .

He further assumed v’ to be of the same size as v/



The Log Region

Prandtl’s mixing length concept

_— au\?
= —pu'v' = pl}, ()

ay
i oy el |
oy M oy
Lt 2 OU
=t —
T T gy




The Log Region

Prandtl’s mixing length concept

So, how do we estimate the mixing length /,

/m (y) — aO —+ 81)/ =+ 82y2 4+ ... Theodore von Karman 1881-1963

y—=>0=l,—>0=a,=0
small values of y (we are still very close to the wall) = I, = a1y

where k is Karman’s constant x ~ 0.41



The Log Region




The Log Region




The Log Region

{w:%m(w)w}

valid for 30 < y* < 1000

From experiments we have:

k~041and4.9 <B < 5.5

flow over a flat plate (external flow): B ~ 4.9
duct flow (internal flow): B ~ 5.3
White: B &~ 5.0



Outer region

In the outer region it has been found that

where ¢ is the thickness of the outer layer and U the velocity at the edge of the outer
layer



Regions in a Turbulent Boundary Layer

between the viscous sublayer and the
log region, none of the models works

in the outer region, inertial forces
needs to be included

ut

30

20

10

Il
IR
[V:

Ll Lol Lol Lo
10" 102 10° 10*

y+
viscous sublayer
buffer layer
log-law region
outer layer



Example - Pipe Flow Boundary Layer

Air at 20° flows through a 14-cm-diameter pipe. The flow is fully developed and
the centerline velocity is 5.0 m/s

From the provided data, estimate the friction velocity (u*) and the wall-shear
stress (ry)

Air @ 20° = p = 1.2 kg/m®, 1 = 1.8 x 107> kg/(ms)
D=0.14m
Umax = 5.0m/s



Example - Pipe Flow Boundary Layer

Assume turbulent flow:

2Umax

Vay = (1+m)(2+m)

m = 1/7 gives Vg, = 4.08 m/s

_ pVaD
1

Rep ~ 38000 > Rep

critical

The flow is turbulent

= 2300



Example - Pipe Flow Boundary Layer

Assume that the log-law is valid all the way to the center of the pipe

1 1
ut==-In(y")+B&0=~-In(y")+B-ut
K K

or (at the center of the pipe where y = R and u = Upax)

01111<Ru >+B—Umax

K v u*

where k = 0.41 and B = 5.0



Example - Pipe Flow Boundary Layer

Find estimates of u* and 7, using a Newton-Raphson solver

Using the definitions of y*, u™, and u*, we can get a function f(7)

The derivative of f(7,) is obtained as (details on next slide)

# _ (1/5)\/ﬁ+umax\/ﬁ N (1/k) +u™
e 2r/? T 2m,




Example - Pipe Flow Boundary Layer




Example - Pipe Flow Boundary Layer

With the functions f(7,,) and f'(r,) defined, we can set up an iterative
Newton-Raphson solver to find 7, using

- f(7w,)

Tt =0 i)

where n + 1 and n are iteration numbers. Iterate until converged with the following
convergence criterium:

f(7w,)

< 1074
) | =™




Example - Pipe Flow Boundary Layer

import numpy as np

1
2

3 def calc_yplus_uplus(rho,mu,tau_w,y,U):

4 nu=mu/rho

5 ustar=np.sqrt(tau_w/rho)

6 yplus=y*ustar/nu

7 uplus=U/ustar

8 return yplus,uplus,ustar

9

10 mu = 1.8e-5 # fluid viscosity (dynamic viscosity)
11 rho = 1.2 # fluid density

12 u_max = 5.0 # centerline velocity

13 R = 0,07 # pipe radius

14 kappa = 0.41 # von Karman constant

16 B = 5.0 # integration constant in the log-law



Example - Pipe Flow Boundary Layer

17 tau_w = mu*u_max/R # initial guess
19 yplus,uplus,ustar=calc_yplus_uplus(rho,mu,tau_w,R,u_max)
21 dtau_w = 10.*xtau_w

23 while( abs(dtau_w) > 0.0001*tau_w ):

24 £ = (1./kappa)*np.log(yplus)-uplus+B
25  df = 0.5%((1./kappa)+uplus)/tau_w

26 dtau_w = -f/df

27 tau_w = tau_w+dtau_w

28 yplus ,uplus,ustar=calc_yplus_uplus (rho,mu,tau_w,R,u_max)



Example - Pipe Flow Boundary Layer

variable dimension value
yt 1061
u* m/s 0.227
Tw N/m? 0.062

Note! y™ = 1061 is actually outside the range of y™ values for which the log-law is
valid - but it is very close to the limit...



Example - Pipe Flow Boundary Layer

Velocity Profile u™ vs y*

22 -

20 |

18

16 |-

12 -

yt = 1000

10!

y (cm)

Velocity Profile t(y)

yT & 1000

6
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Turbulent Pipe Flow

Umax Laminar flow

Turbulent flow




Turbulent Pipe Flow

As we did for laminar pipe flow, we will now obtain the friction factor for turbulent
pipe flow

PV e AN
Tw = 1D 3 p D <U*>

So, what we need now is an estimate of the average flow velocity in the pipe (V) ...

There are different ways to do this and here is one example:

1. Assume that we can use the log-law all the way across the pipe
2. Integrate to get the average velocity
3. Insert the calculated average velocity into the relation above



Turbulent Pipe Flow

1
e ~—In—+8B -
r v % 1 /MJ71. (R—ru*
= —~ — [ln<r)u—i—8 rar
Q 1 R ur wR? Jy |k v
V:/Z:—mq2 ; u(r)2nrdr
with k = 0.41 and B = 5.0 we get
% Ru*
Y xoaam ™ 1134
u* v

details on next slide



Turbulent Pipe Flow ls

*

Vo2 [frr ((R=ru 2 (R u
u*_RZ/O [ln(y)—kBr]dr_W/o |:111(R—f)+ln<y>+5/€:|l’dl'—

K

0

S (f) +B+ % [jl (=2(R* —r*)In(R—r) —r(2R Jrr))]R =

*

+1.34

R
— {k =041, B=5.0} = 2.44In

1%

Il
= |
=3
T
<| 2
*
~_
|
[\D‘w



Turbulent Pipe Flow

V ~ 2.441n fu

+1.34

The argument of the logarithm can be rewritten as

Ru*  VDu* VD ut\?
v 2wV {RQD_ fD_8<V> }_

and thus:

~ 2.01og,,(Repy/fp) — 0.8

—_
S




Turbulent Pipe Flow

Alternative 2:

If we assume that v =8.3 <U Y
u* v

1/7
> applies all over the cross section we get
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Wall Roughness

25
20
U+ 15+
Effects of surface roughness on friction: o
> Negligible for laminar pipe flow
. e 51 ‘ “HHMZ ‘ “HH‘S
> Significant for turbulent flow 10 10 10
> breaks up the viscous sublayer y'

> modifies the log law (changes the value of the integration constant B)

*

AB o (1/k)Inet where et = <«




Wall Roughness

<5

> 70

hydraulically smooth
no effects of roughness

0.04 o8 0.00833

0.00397

transitional | 0008

moderate Reynolds number effects*”~ - \\,.\,\_,%"
Eq. (e.sstziﬁﬂ‘{"j A’\

fully rough 0o p it

Re,

Ssublayer totally broken up
independent of Reynolds number



Wall Roughness

30 T T T T T T
eu* . R +=
<5 hydraulically smooth viscous sublayer (y™ = 5)
v —— nominal surface
no effects of roughness 20l — rough surface |
eu* . +
5< <70 transitional y
14
10 - a
moderate Reynolds number effects "
GU* /\/Ié\'vw\s7<s sublayer
> 70 fully rough 0 WS LAAA
1%

0 2 4 6 8§ 10 12 14
ut

Sublayer totally broken up
independent of Reynolds number



Wall Roughness

Ra
Rq

Rpm
Rv
Rt
Rz

Roughness Average

RMS Roughness

Maximum Profile Peak Height

Average Maximum Profile Peak Height
Maximum Profile Valley Depth
Maximum Height of the Profile
Average Maximum Height of the Profile

arithmetic average of the absolute values of the profile heights

root mean square average of the profile heights

distance between the highest point of the profile and the mean line
average of the successive values of Rp

distance between the deepest valley of the profile and the mean line
vertical distance between the highest and lowest points of the profile
average of the successive values of Rt



Wall Roughness

= —2.01 6/—D+ -
TR0\ 37 T Rep

 SE—
[
S




The Moody Chart

10 T I I I

— laminar pipe flow

£ - 64
n Rep

f x 100
S = N W R OO 0 ©
T

RGD



The Moody Chart
10 I I T T

— laminar pipe flow
— turbulent (smooth)

£ - 64
fe=——
Rep

= 2.0log,o(RepVf) — 0.8

5=

f x 100
O = N W ks Ot N 0o ©
T

Rep



The Moody Chart

f x 100

10

S N W ks Ot OO N o ©

I I I I I

— laminar pipe flow
— turbulent (smooth)
— turbulent (rough)

Rep

64
n Rep

~h

Sl- gl-

2.5
RGD\f

)



The Moody Chart
10 T T T T T

— laminar pipe flow
: : 4 | |— turbulent (smooth)
I increasing €/D | | | — turbulent (rough)

I

\ Rep
: ¥ ;f = 2.0log,(RepVf) — 0.8
S 1 e/D 25
| W = —2.0logy (37 + ReD\/f>

f x 100
S = N W R OO 0 ©
T

Rep



Wall Roughness

Material Condition e [mm]  Uncertainty [%)]
Steel Sheet metal (new) 0.05 + 60
Stainless (new) 0.002 + 50
Commercial (new) 0.046 + 30
Riveted 3.0 +70
Rusted 2.0 + 50
Iron Cast (new) 0.26 + 50
Wrought (new) 0.046 + 20
Galvanized (new) 0.15 + 40
Asphalted cast 0.12 + 50
Brass Drawn (new) 0.002 + 50
Plastic Drawn tubing 0.0015 + 60
Glass - smooth
Concrete  Smoothed 0.04 + 60
Rough 2.0 + 50
Rubber ~ Smoothed 0.01 + 60

Wood Stave 0.5 + 40
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Non-circular Ducts

Use the same formulas of the Moody chart but replace the pipe diameter D with the
hydraulic diameter Dy,

4A
thg

where A is the cross section area and P is the wetter perimeter

L pV? VD €
Apr = fDthTv Rep, = Tha D



Non-circular Ducts

d’I a’:g

— ]
b ——
a do

ab D, C b/a D, © b, ¢ a1/ c o, ©
07 117a 650 10 1.00a 570 0582 530 ) 202 96.0
05 1802 680 125 1.i1a 576 P
03 1d44a 730 20 138 620 o, =010 89.2
02 1502 780 30 1502 69.0 .
0.1 1558 79.0 40 1602 730 j

50 167a 780 2 0% 94.0

8.0 1.78a 83.0

d.
1000 182 850 0.5 < d—’ <1.0 960
o

Dy =do —dj



Non-circular Ducts

Laminar flow:
C

f f—

b ReDh

(for circular pipes: C = 64 and Dy = D)



Non-circular Ducts

Flow between parallel plates
vertical distance between plates: a
plate width: b
4A dab

Dh:$: 2a + 2b

b—o0

_dab
2

=2a



Roadmap - Viscous Flow in Ducts

Governing Flow Equations

!

[ Flov\wmes ]—» Basiowcepts <—i Darcy Fegin Factor

!

Lamin@e Flow
Reynolds-Averaged

(RANS)

!
Navi?okes —»-' Turbulewe Flow <—[ Near—\M/lodeIs

Wall Rough: and Friction

[ Local Losses ]—»?4—[ Non—cw Ducts ]

[ Tools for Pipe-Flow Analysis $§ ]




Local Losses
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Local Losses
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Local Losses

Generated swirl will be damped out by inner friction

Kinetic energy is converted to internal energy, which results in a pressure loss



Local Losses
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Pipe Flow Example 1: Find Flow Rate (Rough Pipe)

Given data:

Oil with the density p = 950.0 kg/m? and viscosity v = 2.0 x 107> m?/s flows
through a L = 100 m long pipe with the diameter D = 0.3 m. The roughness ratio is
e/D = 2.0 x 10~* and the head loss is hy = 8.0 m.

Assumptions:
steady-state, fully developed, turbulent, incompressible pipe flow

Task:
Find the average flow velocity (V) and the flow rate (Q)



Pipe Flow Example 1: Find Flow Rate (Rough Pipe)

We are given a measure of the head loss (hy) for the pipe

The definition of the Darcy friction factor gives a relation between head loss
(hy) and the average velocity (V)

2
-
29D

To be able to calculate the average velocity (V), we need the friction factor (f)



Pipe Flow Example 1: Find Flow Rate (Rough Pipe)

The flow in the pipe is assumed to be turbulent and fully developed

For turbulent flows in rough pipes, Colebrook’s formula gives a relation
between friction factor (f) and average flow velocity (V)

1 e/D 251 >
S = 20log (L2 4
JF & ( 3.7 ' Repv/f

Use an iterative approach to find the friction factor (f) using Colebrook’s relation

and
VD [ 2hsgD
Rep = —, where V = 729
14



Pipe Flow Example 1: Find Flow Rate (Rough Pipe)

import numpy as np

def GetVelocity(hf,f,D,L):
return np.sqrt ((2.%9.81*%hf*D)/(£*L))

def GetReynoldsNumber (D,V,nu):
return D*V/nu

def Colebrook(f,D,nu,eps,V):
# Colebrook friction factor
return -2.0*np.logl0(((eps/D)/3.7)+(2.51/(GetReynoldsNumber (D,V,nu)*np.
sqrt(£))))-1./np.sqrt (f)

- O © ® N O O~ W N =

12
13 def GetFlowRate(V,D):
14 return (Vxnp.pi*D**2) /4.



Pipe Flow Example 1: Find Flow Rate (Rough Pipe)

17 nu = 2.0e-5 # fluid viscosity [m~2/s]

18 D = 3.0e-1 # pipe diameter [m]

19 L = 1.0e2 # pipe length [m]

20 hf = 8.0 # head loss [m]

21 eps = 2.0e-4*D # surface roughness [m]

2 f = 1.5e-2 # friction factor (inital guess)

24 # Newton-Raphson solver

25 f_old = 1.0e3

26 df = 1.0e-6

27 while np.abs(f-f_old)>1.0e-6*f:
28 f_old = f

29 ' = GetVelocity (hf,f,D,L)

30 ff = Colebrook(f,D,nu,eps,V)

31 dff = (Colebrook(f+df,D,nu,eps,V)-Colebrook(f-df,D,nu,eps,V))/(2.*df)
32 f = f_old-(ff/dff)



Pipe Flow Example 1: Find Flow Rate (Rough Pipe)

Result:
Average flow velocity vV 4.84
Flow rate Q 0.342
Reynolds number Rep 72585
Friction factor f 0.0201
IFLOW

m/s
m3/s

f x 100

=
[e]

[S2B B e clN=)

—_O =N W R Ot

Friction Factor

— turbulent (Colebrook) ||
— turbulent (Prandtl)
— laminar
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https://onlineflowcalculator.com/pages/IFLOW/calculator.html?json=https://fluidmech.onlineflowcalculator.com/Examples/JSON/IFLOW_DUCT_FLOW_EXAMPLE_1.json

Pipe Flow Example 2: Find Pipe Diameter (Rough Pipe)

Given data:

Oil with the density p = 950.0 kg/m? and viscosity v = 2.0 x 107° m? /s flows
through a L = 100 m long pipe at a flow rate of Q = 0.342 m*/s. The surface
roughness is ¢ = 0.06 mm and the head loss is hf = 8.0 m.

Assumptions:
steady-state, fully developed, turbulent, incompressible pipe flow

Task:
Find the pipe diameter (D)



Pipe Flow Example 2: Find Pipe Diameter (Rough Pipe)

We are given a measure of the head loss (hy) for the pipe

The definition of the Darcy friction factor gives a relation between head loss
(hf) and the pipe diameter (D)

V2L nD? 8Q%L
f— _— = fr— _— f— fi
hy f2g 5 {Q V 1 } w2gD°

To be able to calculate the pipe diameter (D), we need the friction factor (f)



Pipe Flow Example 2: Find Pipe Diameter (Rough Pipe)

The flow in the pipe is assumed to be turbulent and fully developed

For turbulent flows in rough pipes, Colebrook’s formula gives a relation
between friction factor (f) and pipe diameter (D)

1 e/D 251 )
— = —2.0log | == +
VF ¢ ( 37 ' Repi
Use an iterative approach to find the friction factor (f) using Colebrook’s relation
and
VD 4Q
ep o where 2



Pipe Flow Example 2: Find Pipe Diameter (Rough Pipe)

import numpy as np

def GetDiameter (hf,f,L,Q):
return ((8.*fxQ**2*L)/(9.81%np.pi**2*hf))**(1./5.)

def GetReynoldsNumber (D,V,nu):
return D*V/nu

def Colebrook(f,D,nu,eps,V):
# Colebrook friction factor
return -2.0*np.logl0(((eps/D)/3.7)+(2.51/(GetReynoldsNumber (D,V,nu)*np.
sqrt(£))))-1./np.sqrt (f)

- O © ® N O O~ W N =

12
13 def GetVelocity(Q,D):
14 return 4.*Q/(np.pi*D**2)



Pipe Flow Example 2: Find Pipe Diameter (Rough Pipe)

17 nu = 2.0e-5 # fluid viscosity [m~2/s]

18 L = 1.0e2 # pipe length [m]

19 hf = 8.0 # head loss [m]

20 eps = 6.0e-5 # surface roughness [m]

21 Q = 3.42e-1 # flow rate [m~3/s]

22 f = 1.5e-2 # friction factor (inital guess)

24 # Newton-Raphson solver

25 £_old = 1.0e3

26 df = 1.0e-6

27 while np.abs(f-f_old) >1.0e-6%f:
28 f_old = £

29 D = GetDiameter (hf,f,L,Q)

30 v = GetVelocity(Q,D)

31 ff = Colebrook(f,D,nu,eps,V)

32 dff = (Colebrook(f+df,D,nu,eps,V)-Colebrook(f-df,D,nu,eps,V))/(2.*df)
33 f = f_old-(ff/dff)



Pipe Flow Example 2: Find Pipe Diameter (Rough Pipe)

Friction Factor

Result: 10 : : : :
9L — turbulent (Colebrook) ||
Pipe diameter D 0299 m 8L :lt:rrngrm (Pranat)
Average flow velocity — V 4.84 m/s T
Reynolds number Rep 72579 s OF 1
Friction factor f 0.0201 x Z E e
3 | =
IFLOW =
1 | =
0 | - | | | = |
102 10* 10t 10° 105 107 108

RGD


https://onlineflowcalculator.com/pages/IFLOW/calculator.html?json=https://fluidmech.onlineflowcalculator.com/Examples/JSON/IFLOW_DUCT_FLOW_EXAMPLE_2.json

Pipe Flow Example 3: Find Pipe Diameter (Smooth Pipe)

Given data:

A smooth plastic pipe is to be designed to carry Q = 0.25 m? /s of water at 20°C
through a L = 300 m horizontal pipe with the exit at atmospheric pressure. The
pressure drop is approximated to be Ap = 1.7 MPa.

Water @ 20°C: p = 998 kg/m? and p = 0.001 kg/(ms) (v = 1.002 x 107% m?/s)

Assumptions:
steady-state, fully developed, turbulent, incompressible pipe flow

Task:
Find a suitable pipe diameter (D)



Pipe Flow Example 3: Find Pipe Diameter (Smooth Pipe)

The energy equation on integral form gives us a relation between the pressure
drop Ap and the pipe head loss hy

% %
<p+a+z> =<p+a+z) +h — hp + by
pg 29 ) \pg 29 ),

1. Steady-state, incompressible flow (Q; = Q2 = Q) in a constant-diameter pipe
(D1:D2:D):>V1:V2:V

2. Fully-developed turbulent pipe flow with constant average velocity =
a] = Qg =

3. No information about elevation change is given so we will assume that
1 =29 =2

4. There are no turbines or pumps in the pipe = h; = hp, = 0.

pl—pg_Ap_h
— = 1f
rg rg



Pipe Flow Example 3: Find Pipe Diameter (Smooth Pipe)

Again, we will use the definition of the Darcy friction factor (f) to get a relation
between the losses and the pipe diameter

V2L wD? T2 AP
hf =f—— hs = V— f= D’
QDi{ r)Q 4}§ 8Q2Lp

To be able to calculate the pipe diameter (D), we need the friction factor (f)



Pipe Flow Example 3: Find Pipe Diameter (Smooth Pipe)

The flow in the pipe is assumed to be turbulent and fully developed

For turbulent flows in smooth pipes, Prandtl’s formula gives a relation between
friction factor (f) and pipe diameter (D)

\}f — 2.0log (ReD\/f> ~ 0.8

Use an iterative approach to find the friction factor (f) using Prandtl’s relation and

VD 4Q
ep = —-, where 5



Pipe Flow Example 3: Find Pipe Diameter (Smooth Pipe)

import numpy as np

def GetDiameter (Dp,rho,f,L,Q):
return ((8.*f*Q**2*L*rho)/(np.pi**2xDp))*x*x(1./5.)

def GetReynoldsNumber (D,V,nu):
return D*V/nu

def Prandtl(f,D,nu,V):
# Prandtl friction factor
return 2.0*np.logl0(GetReynoldsNumber (D,V,nu)*np.sqrt(£))-0.8-(1./np.
sqrt (£)) ;

- O © ® N O O~ W N =

12
13 def GetVelocity(Q,D):
14 return 4.*Q/(np.pi*D**2)



Pipe Flow Example 3: Find Pipe Diameter (Smooth Pipe)

16 rho = 998.0 # fluid density [kg/m~3]

17 mu = 1.0e-3 # fluid viscosity [kg/ms]

18 nu = mu/rho # fluid viscosity [m~2/s]

19 L = 3.0e2 # pipe length [m]

20 Dp = 1.7e6 # pressure drop [Pal

21 Q = 2.5e-1 # flow rate [m~3/s]

22 f = 1.5e-2 # friction factor (inital guess)

23

24 # Newton-Raphson solver

25 f_old = 1.0e3

26 df = 1.0e-6

27 while np.abs(f-f_old)>1.0e-6*f:
8 f_old = f

29 D = GetDiameter (Dp,rho,f,L,Q)

30 ' = GetVelocity(Q,D)

31 ff = Prandtl(f,D,nu,V)

32 dff = (Prandtl(f+df,D,nu,V)-Prandtl(f-df,D,nu,V))/(2.*xdf)
3 f = f_old-(£ff/dff)



Pipe Flow Example 3: Find Pipe Diameter (Smooth Pipe)

Friction Factor

Result: 10 : : : :
9L —turbulent (Prandtl) ||
Pipe diameter D 0.156 m 8| — laminar i
Average flow velocity — V 13.1 m/s Tr -
Reynolds number Rep 2036821 s 6F 1
Friction factor f  0.01034 X Z B i
3 =
IFLOW 9L
l =
0 | - | | | = | -
102 10*  10*  10° 105 107 108

RGD


https://onlineflowcalculator.com/pages/IFLOW/calculator.html?json=https://fluidmech.onlineflowcalculator.com/Examples/JSON/IFLOW_DUCT_FLOW_EXAMPLE_3.json
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On-Demand Hyperloop-Style Water Delivery

NOL) THAT AMAZON 1S ADVERTISING
ONE-HOUR DELIVERY OF BOTTLED LWATER,
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T WOTE WE START CALLING MUNICIPAL PLUMBING
“ON-DEMAND HYPERLOOP-STYLE WATER DEUVERY*
PND SEE. IF WE CAN SELL ANYONE ON THE. IDER.
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Learning Outcomes

4

6
21

22
23
24
29
30
31
32
33

Be able to categorize a flow and have knowledge about how to select
applicable methods for the analysis of a specific flow based on category
Explain what a boundary layer is and when/where/why it appears

Explain how the flat plate boundary layer is developed (transition from laminar
to turbulent flow)

Explain and use the Blasius equation

Define the Reynolds number for a flat plate boundary layer

Explain what is characteristic for a turbulent flow

Explain flow separation (separated cylinder flow)

Explain how to delay or avoid separation

Derive the boundary layer formulation of the Navier-Stokes equations
Understand and explain displacement thickness and momentum thickness
Understand, explain and use the concepts drag, friction drag, pressure drag,
and lift

Let’s take a deep dive into boundary-layer theory
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Complementary Course Material

These lecture notes covers chapter 7 in the course book and additional course
material that you can find in the following documents

MTF053_Equation-for-Boundary-Layer-Flows.pdf

MTFO053_Turbulence.pdf


https://courses.onlineflowcalculator.com/fluidmech/docs/MTF053_Equations-for-Boundary-Layer-Flows.pdf
https://courses.onlineflowcalculator.com/fluidmech/docs/MTF053_Turbulence.pdf

Motivation



External Flow

Significant viscous effects near the surface of an immersed body

Nearly inviscid far from the body

Unconfined - boundary layers are free to grow

Most often CFD or experiments are needed to analyze an external flow unless
the geometry is very simple
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Reynolds Number Effects

Uso
=L == U= 0.99Usg
Large viscous displacement effect P -
7 - U< U
’
Uso / L
UsoL P— ‘
— \
ReL _ Re, = 10 . > x
v S
S~ Viscous region
Note: no simple theory exists for 1 < Re; < 1000 Inviscid region
Uso
‘ Laminar Turbulent
[ [ Uso
KL __-F=
Small viscous displacement effect _ -7
Uso e
e — ] U< Uso
Re, = 107 &_, ¥ R \Vuscous
Inviscid [




Reynolds Number Effects

Laminar Turbulent
[~ T Uso
s<L =
U Small viscous displacement effect -7 -
oo —_— - -
_— == U< Uso
Re, = 107 > x “*—\\\\\/iscous
Invis;id\ T Uso
5.0 .
— = Jaminar  10® < Re, < 10° Re, =
5 Rexl/Q
x 0.16
—— turbulent 10° < Rey Re, =
Rexl/7

Note! Re; and the local Reynolds number Re, are not the same
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Boundary Layer Equations

We wiill derive a set of equations suitable for boundary-layer flow analysis
Starting point: the non-dimensional equations derived in Chapter 5
We will assume two-dimensional, incompressible, steady-state flow

We will do an order-of-magnitude comparison of all the terms in the governing
equations on non-dimensional form and identify terms that can be neglected in
a thin-boundary-layer flow



Boundary Layer Equations

continuity:
ou*  ov*

=0
ox* o ay*

X-momentum:
s ou* L ou*  dp* N 1 (P
ox* dy*  Ox*  Re. \ Ox*2

y-momentum:
L ov* av* op* 1 <82v*

v* = e —
+ aX*Q

Y oxr ay* Oy v Re,

N o%u*
ay*Q

N 02\/*
ay*Q

bﬁ<ﬂ: ~I< X

pU3
Unol

8

8




Boundary Layer Equations

To be able to find the relative sizes of different terms in the equations, we will first
have a look at the flow parameters and operators

U =U/Ux ~ 1
x*=x/L~1
yr=y/L~0"

d denotes boundary layer thickness and §* = § /L

Note! here, u* is not the friction velocity and ¢* is not the displacement thickness



Boundary Layer Equations

y* a8 = ut o1

What about derivatives?

ot 1-0 1 -

y* =-0=uv" =0

Note! The sign of terms is not important here, we are only interested in the
order of magnitude



Boundary Layer Equations

What about derivatives?

Ut 1-0 1
oy* 5 o
o%u* 9 our  |0—1/6

ou™*

y o8t =t -,

. . ou* 1
y =-0=u —0, — —
1 dy* 5*

5*2

Note! The sign of terms is not important here, we are only interested in the

order of magnitude



Boundary Layer Equations

x5 0=uv" =0

s 1l=ut =1

ou* |0 —1] .

ox* 1-0 . .
/ ut =0

Note! The sign of terms is not important here, we are only interested in the
order of magnitude



Boundary Layer Equations

ou*

X*—>01>u*~>0,67—)0
X
x*aléu*—»l,aial
ox*
s |0— 1] 1
U _
~ :1
ox* 1-0 x*=0,u"=1) 5*
/ u =0
* > x
o*u* g ou*r 1-0 . L

ox*2  Ox*Ox* 1-—0

Note! The sign of terms is not important here, we are only interested in the
order of magnitude



Boundary Layer Equations

continuity:
ou*  ov*
=0=Vv"~¢"
ox* — Oy*
1
~1 N,sl*
ov* , ou* .
oy must be of the same order of magnitude as o in order to fulfill the

continuity equation



Boundary Layer Equations

A S MRV

ov* ﬁ 1
ay* 6 5"

y ' =-0=v"=0

Note! The sign of terms is not important here, we are only interested in the
order of magnitude



Boundary Layer Equations

* 5* * 5* (I)V
e = =V = ,W
7
oot — |
oy*  0* &
vy o ovt j0—-1] 1
*2 * x * = ox .

ay ay 8y 0 0 y" = 0=>v" =0, OV*—>1

Note! The sign of terms is not important here, we are only interested in the
order of magnitude



Boundary Layer Equations

X5 0=V 5

X5 1=v" =0

A

ov* 10— 0" _ 5
ox* 1-0 n x* =0,v" ~8%) 5*

Note! The sign of terms is not important here, we are only interested in the
order of magnitude



Boundary Layer Equations

ov* \0—6*]75*
ox* 1-0
82v*7i8v* =0
ox*2  Ox* Ox* 1—-0

5*

av*

xX* =5 0=>vF 58, — =0
ox*
ov*
s 1=>v' 50, — = 68"
ox*
A
(x* =0, v ~ %) 5"
vi =0
> x
xT =1

Note! The sign of terms is not important here, we are only interested in the

order of magnitude



Boundary Layer Equations

X-momentum:

Lou* Lou* op*
u + v =——+
ox* oy* ox*
S~—— N——
~1lx1=1

Na*é%zl

~oeT
the boundary layer is assumed to be very thin = §* < 1 and thus

ou*

1| P P
Re; | Ox*2 ~ Oy*?
1

~1

d*u*

x2S g2

assuming the inertial forces to be of the same size as the friction forces in the

boundary layer we get: 1/Re; ~ 52



Boundary Layer Equations

y-momentum:

o ov* Lo o*  op* N 1 | 0%v* N 0?v*
ox* oy*  9y*  Re | ox*2  Oy*2

~—— N—— ~ | Y~~~
~1x6*=5* Y YLy ~*2 ~§* o1
§* T o*

op*

*

examining the equation we see that all terms are at most of size §* = ~ 0F

0" is small = p is independent of y



Boundary Layer Equations

The pressure can be assumed to be constant in the vertical direction through the
boundary layer and thus p = p(x)

Ps
d(x)
Pw
* * ~ ap* * *2
o5 — Py | ~ 8y*5 0



Boundary Layer Equations

With the knowledge gained, we now move back to the dimensional equations

laminar

ou  ov
aJra—y—O

LU 0u  1db
ox oy  pdx

Jrl/ay2

turbulent

ou v

87+6y N
u—+V@——1@
ox 0y  pdx

i L0

0

0%u OW

g oy? Oy



Boundary Layer Equations

Limitations
The boundary layer equations do not apply close to the start of the

0
boundary layer where a—:l* >1

The equations are derived assuming a thin boundary layer



Boundary Layer Equations

The pressure derivative can be replaced with a velocity derivative

Outside of the boundary layer the flow is inviscid = we can use the Bernoulli
equation

P+ pU2 fconst:»d—er pUso AUoo O:s_ldﬁfu au

ax ax pdx  Fdx



Boundary Layer Equations

laminar boundary layer

L vy

ox oy

u@-i- @ =U %4-1/@
Ox oy * dx y?

Two equations and two unknowns = possible to solve ©



Boundary Layer Equations

Note! the boundary layer equations can be used for curved surfaces if the boundary
layer thickness ¢ is small compared to the curvature radius r
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The Von Karman Integral Relation

Approximate solutions for 6(x) and 7, (x)
Control volume approach applied to a boundary layer

Assuming steady-state incompressible flow

> F= /va n)dA



The Von Karman Integral Relation

> Uso (X)
—» - 5(x)
Massflow 5

s

Mag = ,0/ udy v
JO A D

. -5 d ) - ax .
Mep = p/ udy + — [p/ udy} ax

0 ax 0

. d[ e
Mpc = p& M) udy] ax



The Von Karman Integral Relation

Momentum Uso (X)

5(x)

. 5
Iag = P/ u*dy
0

ux,y)

5 d 5 A D
o — 2 il 2 e »
/CD_p/Ouo’y+dX [p/oudy]dx + o
; . d[ e
Igc = Umpge = pumd—x {/O udy] ax

N TR d [, d [
ICD—IAB—/BC:p& /Ouo’y o’X—pUQO& /Oudy ax



The Von Karman Integral Relation

Pressure forces in the x-direction
pPo

dp dé
- (p + dde> (5 + dXo’x)

1dp do

Shear forces in the x-direction
—TwaX

ax



The Von Karman Integral Relation

Forces
dFy =
do dp dp dé do 1dpdo
—TwaX +po — |Pd +p&dx + 5d—Xo’x + &&dxdx +p&o’x + Sk dxc/xc/x

products of infinitesimal quantities can be regarded to be zero and thus

d
dF, = —r,dx — 5d—idx



The Von Karman Integral Relation

Momentum equation

Now we have all components of the momentum equation defined

arfr, df(° dp
p& [/Oudy}puoodx[/o udy}_rwédx

The momentum equation for boundary layers or Von Karman’s integral relation

Note! the relation is valid for laminar and turbulent flows (for turbulent flows use
time-averaged quantities)



The Von Karman Integral Relation

Qutside of the boundary layer the flow is inviscid = we can use Bernoulli

dp dU« 1adp dUx
2 f— —_——_ = —_—
P+ pU = const = o + pUqo O =0= ) dx Us O



The Von Karman Integral Relation

1dp s 7w dUse d /‘5 d / °
—— — UYUxo — =9 0 —Uso = - o}
p ax v ax - p v ax Y ax [ 0 uay x 1Jo it

o dUs AUy [?
Woo=g = U= /0 ay

d [ d b dUss (°
— - _ 7 d
Uso 0 [ /O udy} o [UOO /O udy} o /0 udy

Tw dUse [° d ’ dUse /5 d /5 2
- =— ~ dy — — d
p Use ax Jo dy adx [UOO /0 uay ax Jo Y ax 0 et



The Von Karman Integral Relation

Tw dUss [°, d /5

) V> "ax /ody_dX[Uooo
dUy, [° dUy, [° dUq

UOO dX 0 dy B dX 0 Udy o d

d ) d ) )
o [“wfo “dy] " o Uo v dy]

%)
d / U(Ux — u)dy
0

ax .



The Von Karman Integral Relation

W d [ U [°
== 0 — =2 | (Us —u)d
) " dx /0 u(U u)dy + ax ), ( u)dy




The Von Karman Integral Relation

w _d [° dUs [?
Y- Usy — 2o "
) dx/o u( u)ay + x (U u)dy

Constant freestream velocity gives

AUs w _d [°

Ok, but what does this mean??



Roadmap - Flow Past Immersed Bodies

Reynolds M)er Effects ]

p

Differential Flow Equations ]

.
Boundaryv Equations ]4—
!

Laminar Flow (Parabolic)

A

!

Y

Laminar Flow (Blasius)

The Von Kérmwegral Relation }—» Integral Estimates ]
Flat-Plate Boundary Layer ]4—[ Turbulent Flow ]

|

p

\

Adverse Pressure Gradients and Separation ]—» 4—[ Forces on Immersed Bodies ]

[ Tools for External-Flow Analysis $§ ]




Momentum Integral Estimates

displacement thickness 5* momentum thickness 6
Té x % 0
same mass flow same momentum

"The presence of a boundary layer will result in a small but finite displacement
of the flow streamlines”



Momentum Thickness

displacement thickness & momentum thickness 6

Té* j{e
?

same mass flow same momentum

0y u

5
— — 2 — J— -
/o puU(Uso — u)bdy = pUZ b0 = 6 /0 U (1 Uoc) dy

Note! b is the width of the flat plate



Momentum Thickness

Uso Uso

The drag D for a plate of width b N op=p

. _
D P
D(x) = b/ Tw (X)dX = ab = bty ?
0 ax o7 7w (X) ux,y)

from before we have | |

o d
w_ 9. —udy = duz/U(1U)dy_uz ab
0

p o adx Jy ax Uso Uso > dlx
0

and thus

@ _ = bplJ? AN D(x) = pbU? 6

dx gl



Momentum Thickness

do
D(x) = pbU% 0, 7, = pUgo&

Sy u
—/Oum(l‘uw)dy

Note!

Uso

P = Pa

1. the momentum thickness 6 is a measure of the total drag

2. can be used both for laminar and turbulent flows
3. no assumption about velocity profile shape made



Displacement Thickness

displacement thickness & momentum thickness 6

i 4o
¥
same mass flow same momentum
é 5 y
/ p(Uso —u)bdy = pUscbd™ = §* = / (1 _ U) dy
0 JO 00

0" Is an estimate of the displacement in the wall-normal direction of streamlines in the
outer part of the boundary layer due to the deficit of massflow caused by the no-slip
condition at the wall - a measure of the boundary-layer thickness
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Laminar Boundary Layer

The Von Karman integral relation gives us the wall shear stress (1) as a function of
the velocity profile (u(y)) and the boundary-layer thickness ()

Tw d

5
L o’x/o U(Uso — u)dy

So now we need a velocity profile u = u(y) to continue ...



Laminar Boundary Layer

Assumptions:
Boundary layer over a flat plate

o0

. au
Constant freestream velocity U, = const = v 0

Laminar flow

Parabolic velocity profile



Laminar Boundary Layer - Parabolic Velocity Profile

u(y) =A+ By +Cy?
The constants A, B, and C are defined using boundary conditions

no slip:
u0)=0=A=0

constant velocity at y = ¢:
G =0=B+2C=0=B=-2/C
oy I~

freestream velocity:

U(0) = Use = BS + C0% = Uy = {B = —20C} = —C8% = Uy = C = I

52



Laminar Boundary Layer - Parabolic Velocity Profile



Laminar Boundary Layer - Parabolic Velocity Profile

T d 0

pO'X/U U(Us — u)dy
L
Yoy, 5

/6u(u u)d —/6u2 2, _1p —U% A L)y R

P 0 (2 5 v_Uedd v
= < Vi) =5 =10 o éédé—loumdx



Laminar Boundary Layer - Parabolic Velocity Profile

14
0dd = 15—d
5U‘X

o0

2
" _ 5V

S 5 X+C={x=0=6=0=C=0}=15—x

Uso




Laminar Boundary Layer - Parabolic Velocity Profile

Weo  2uUse 2 pU% 0.365
- - ~ puoo
) 30vx V30 [Usx Rex
Uoo 14

Introducing the skin friction coefficient c;

TW:,LL

f= ~
pU2  /Rey



Laminar Boundary Layer - Parabolic Velocity Profile

Note! more accurate solutions for laminar flat plate boundary layers exists:

Ok, so where did we go wrong?

For external (unconfined) boundary layers, the velocity profile is not parabolic — but
quite close to parabolic ...
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The Blasius Velocity Profile

For laminar flow, the boundary layer equations can be solved for v and v

Blasius presented a solution 1908 where he had used a coordinate transformation

u . . . . . . u
—— is a function of a single dimensionless variable n = y 1/ —

and showed that
Us vX

The coordinate transformation corresponds to a scaling of the y coordinate with the
boundary layer thickness &

o L Yy Y _L/UOOX_ JYe
X Rex & x/yRex xV v YV T




The Blasius Velocity Profile

1. Rewrite the boundary layer equations using the stream function (Chapter 4)

2. Rewrite the equation again ¥ = f(n)+/rU.x where 7 is the scaled wall-normal
coordinate and f(n) is a non-dimensional stream function

3. Lots of math ....

The Navier-Stokes equations are reduced to an ordinary differential equation (ODE)

f/// + %ﬁ:// _ 0

with the boundary conditions



The Blasius Velocity Profile

Note! u/U, — 1 asy — oo and therefore § is usually defined as the distance from
the wall where u/U = 0.99



The Blasius Velocity Profile

Laminar boundary layer (Blasius)

U T T
— =
U () ,
5L
Uso Al
n=y o -
Y- 3
vX
U
8997\ —= = 5.0 2
99% UX
1,
0 Il Il Il Il

Uew .. 6 _ 50
— =~ 5.0 or — ~
daoti | = B0 OF LA e




The Blasius Velocity Profile

g

o0 / |Uso
n=y \/7 :>TW—MU >

(0:)5

d
dn

(6),.,"

..




The Blasius Velocity Profile

0.4
close the the wall the velocity profile is linear
0.3
u
o0 vX
g (U 0006 g 0.1
an \Ux =0 0.2

Near-wall velocity distribution (Blasius)




Laminar Boundary Layer - Blasius

0.332p1/2u1/2U§c/2
Tw (X) =~ Y

Note! the wall shear stress drops off with increasing distance due to the boundary
layer growth

Recall for pipe flow, the wall shear stress is independent of x — pipe flow is confined
and the boundary layer height is restricted



Laminar Boundary Layer - Blasius
wall shear stress:

0.332p1/21 /2032
T (X) = v

drag force:
X

D(x) = b/ T (X)aX = 0.664bp" 21 203/ 2x1/2
0

drag coefficient:

c. - 2L 1328
° 7 pULbL T \ReL




Laminar Boundary Layer - Blasius

3(x)
From before we have D(x) = pb/ U(Uso — u)dy
0

5(x)
D(x) = pbU2, / UL (1 . “) dy = pbUZ 6(x)
0 [e'e)

X
b / Tw(X)ax = pbU2 0(x) ~ 0.664bp'/2 1 2U3/2x1 /2 = 0(x)
0

66441/ 664
= 0(x) ~ 220X o thus b0 , 0.66
P20 21 /2 X VRex

0.664./2x1/2
~ 4/)1/2U¥2



Laminar Boundary Layer - Blasius

Displacement thickness:

o 1721
X Re}(/Z

Note! since 6" is much smaller than x for large values of Rey, the velocity component
in the wall-normal direction will be much smaller than the velocity parallel to the plate



Laminar Boundary Layer

1 \ I I
—— Parabolic approximation
08— Blasius profile
0.6 -
y
0
0.4
0.2
O | | | |
0 0.2 0.4 0.6 0.8




Laminar Boundary Layer

description

boundary layer thickness

displacement thickness

momentum thickness

shape factor

wall shear stress

local skin friction coefficient

drag coefficient

variable

Xl X|¢ Xl

laminar flow (Blasius) turbulent flow (Prandtl)

5.0
v/ Rex




The Blasius Velocity Profile - Self Similarity

From before:

Uoso Uso
U )
nx,y) =y Tj: Vo u(y) = 0.99Uc0
u vy
U——099:>77~50 ' y =61 u(y) = 0.99Uc
Laminar boundary layer (Blasius)

5T :’ X = Xg
4 ,
= 3F b U U
| X1,01) = n(X2,02) = 614 [ —— = oy [ ——
ol - n(x1,01) = n(xe, 62) 1 X, 2 Xy
% 5T o1 o5 o5 i U U
U4L 2\ X1 < X9 = ﬁ> £2>51<52
Us VX1 VX2
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Boundary Layer Transition

Uso Uso Uso Uso
> > q 2| --- u=0.99Ux
i 4 B = UsoX
> -~k > > Rex = .
q 4 -7 5 N} UsoX, s
> - S Rexey = —— ~ 5.0 x 10°

Y

< > >
laminar Xer transition turbulent
X — =




Boundary Layer Transition

> For low Rey, disturbances in the flow are damped out by viscous forces

> For somewhat higher Reynolds numbers, friction forces are less important and
the flow becomes unstable

> The transition region is short - can be treated as a point (the transition point)



Boundary Layer Transition

The onset of transition from laminar to turbulent is affected by a number of factors
such as:

> Turbulence in the freestream
> Surface roughness
> Pressure gradient

With a smooth surface, no turbulence in the freestream, and zero pressure gradient,
the onset of transition can be pushed up to Rey ~ 3.0 x 10°

As a rule of thumb, we can assume Rey,, ~ 5.0 x 10°



Boundary Layer Transition

Freestream turbulence:

frestream turbulence reduces the critical Reynolds number

with high turbulence intensity in the freestream, the transition can start already at
Re, ~ 3.0 x 10° or lower



Boundary Layer Transition

Surface roughness:

o€

"y N . u
surface roughness does not affect transition significantly if Re, = < 680
14

if Re. > 680, the extent of the laminar region can be shortened significantly
(Reyx ~ 3.0 x 10%)

Note! rule of thumb



Boundary Layer Transition

Negative pressure gradient:

decreasing pressure in the flow direction has a stabilizing effect on the flow and
can delay transition from laminar to turbulent flow



Boundary Layer Transition

Forced transition:

a trip wire or added surface roughness can make the transition to turbulence
really fast

the critical Reynolds number is not meaningful if the boundary layer is forced to
transition



Flat Plate - Turbulent Boundary Layer

A turbulent boundary layer grows faster than a laminar boundary layer

» the velocity fluctuations (U, v/, w') leads to increased exchange of momentum

> increased shear stress compared to the laminar case where we only have forces
related to molecular viscosity

> larger portion of the fluid will be decelerated close to the wall



Flat Plate - Turbulent Boundary Layer

The Von Karman integral relation and the integral estimates are valid for both
laminar and turbulent boundary layers

Tw d

5
" = dx/o U(Uso — u)dy

()
_ Yo Yy
Lo (o
4 u
go= | (1-4
/0( uoo>dy

We need a velocity profile u(y) for turbulent boundary layers to be able to
calculate 7, 6, and ¢*

» Approach 1: the log law
> Approach 2: Prandtl’s power law approximation



Flat Plate - Turbulent Boundary Layer

Approach 1: the log law

u* K v

1 *
Us1n<yu>+8 where k = 0.41 and B = 5.0

u* is the friction velocity defined as u* = Tw

p

at the edge of the boundary layer u = U, and y = ¢ and thus

Uso %lln <6U )—l—B
K

u* v



Flat Plate - Turbulent Boundary Layer

Approach 1: the log law

.. , . 2 1
The skin friction coefficient c; is defined as ¢; = LVQV = Tw = Cr5 pU2,

PY5%
. . . Tw Cr
the friction velocity can be expressed as u* = | | — = Usoy/ )
P

insert in the log-law and we get

2 1 Cr
— &~ —In | Resy/ — B
Cr Iin< o 2>+

rather difficult to work with ...



Flat Plate - Turbulent Boundary Layer

Approach 2: Prandtl’s power law approximation
Prandtl suggested the following relations:
¢ ~ 0.02Re; /¢

/
o~ ()

from before we have the following relation: 7, = pU3 — = C¢f = 2—

s
calculate the momentum thickness 6 = / 4 <1 — u) dy = 16
0



Flat Plate - Turbulent Boundary Layer
Approach 2: Prandtl’s power law approximation

Now, combining the two skin friction coefficient relations we see that

0.02Re; /5 = 2.9 <75>

ax \ 72
- ds d(Res)
thus Re; /% ~ 9.722° — 9.72
and thus Re; 97dx 97d(ReX)
6/7 & 5 - 0.16

integration gives Res =~ 0.16Rey 7
Re,

Note! the turbulent boundary layer grows significantly faster than the laminar
Stury X XS/ T VS 8 ox x1/?



Flat Plate - Turbulent Boundary Layer

Approach 2: Prandtl’s power law approximation

. 0.027
f ~ —
Ff‘ei/7
0.0135u1/7 8/ 7TUL3/T
TWip ~ X1/7

Note! friction drops slowly with x, increases nearly as p and U2, and is rather
insensitive to viscosity



Flat Plate - Turbulent Boundary Layer

description

boundary layer thickness

displacement thickness

momentum thickness

shape factor

wall shear stress

local skin friction coefficient

drag coefficient

variable

Xl x| x>

T
|
S

laminar flow (Blasius) turbulent flow (Prandtl)

5.0

Rex
2
Rey

T

[
N
=

07
D
D
=~

N .
8 8

0.332

0.664
Rey

—_
wW
[\
(od]

"
3

PUZ
vV Rey

0.16.
Rei/ 7
0.02
Rey”
0.016
Rei/ !

1.29

PUZ
E’ei/7
0.027
F.’ei/7
0.031
,‘?ez/7

0.0135




Flat Plate - Turbulent Boundary Layer

The velocity profile in a turbulent boundary layer is quite far from the Blasius profile
used for laminar boundary layers

1

— Blasius profile

08 | — Prandtl’s 1/7-power profile |

0.6 .
Y
1)

0.4 —

0.2 —

0 ‘
0 0.2 0.4 0.6 0.8 1

& <



Flat Plate Boundary Layer

Uso Uso Uso Uso
< q > | --- u=0.99U
< < =" Unox
> _--"% ) —— Rex = .
4 4 -7 5 S/ UsoX 5
- > Rexey = —— ~ 5.0 x 10°
_ - —|---=-3 - v

< > >
laminar Xer transition turbulent
X

Xer ().664 L 0.027
[0 [0
>0 Rey xer REy

N
D—bsz




Flat Plate Boundary Layer

Boundary layer thickness Boundary layer thickness
‘ | I I
‘ | 1 1
‘ | 1 1
| | (I
; | [
‘ | [
| | (I
; | [
| | »
| ; L 0.16x
| 7 . = a7
v 0.16x 1 ’f’ I y Lo ReX
- | I I
B’exl/7 ! /’ ! =
d ‘ o0 L 5.0x
S ! = 75 Lo o
,” : : F\’ex/ ] : : Rex/
.~ : _____ ‘p --------- : } )
'l o | 'w L mmmmmmmmmmmmmmmmT
‘ . AR
X X

For a long boundary layer the length of the laminar region becomes relatively short in
comparison with the length of the turbulent region



Wall Roughness

laminar:
1.328
Cp=—+
1/2
Re,

turbulent (smooth):
~0.031

Cop=—7
F?ei/ !

turbulent (fully rough):

Cp = (1.89 + 1.621og(L/e))~2®

Cp

0.5

fully rough

turbulent (smooth)

laminar

L/e = 200 —
L/e = 300 ——
L/e = 500 ——
L/e = 1000 —
L/e = 2000 —
L/e = 5000 —

L/e = 10000 —
L/e = 20000 —

0
10°

106

107 108 10°

Re;



Wall Roughness

transition (Reyans = 5.0 x 10°):

©0.031 1440

Ch — 427 _
b E’eiﬁ Re;

transition (Reyans = 3.0 x 10°):

C 0.031 8700
D= =77 " Ba
Re)/”  Rev

Co

0.5

L/e = 200 —

L/e = 300 ——

L/e = 500 =——
fully rough

\ L/e = 2000 ——

turbulent (smooth)

laminar

L/e = 1000 —

L/e = 5000 —

L/e = 10000 —
L/e = 20000 —

0
10°

106

107 108 107
Re;



Wall Roughness

30 T T T T I T T
- - - viscous sublayer (y* = 5)
—— nominal surface
— rough surface
20 - 8
Recall: smooth surface:
yt
o 10 + 8
Surface roughness (e) within )
the viscous sublayer N\ e ]
0 VN\/\/IE\'\/\\/AV/\VA

0 2 4 6 8§ 10 12 14
ut
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Pressure Gradient

Adverse pressure gradient

> pressure increases in the flow direction
> may lead to separation

Thin front
boundary layer

Favorable pressure gradient

> pressure decreases in the flow direction
> the flow will not separate

Re, = 10°

Separation mechanism
> loss of momentum near the wall
> adverse pressure gradient
> decelerated fluid will force flow to separate from the body

Beautifully behaved
but mythically thin
boundary layer
and wake

Outer stream grossly
perturbed by broad flow
separation and wake



Pressure Gradient

Boundary layer formulation of the momentum equation:

ou ou  1dp

U&—I-V@— - dlx

with u = v = 0 close at the wall, we get

or

or o%u
oy

i

= o2

wall wall

Note! applies both for laminar and turbulent flow

1or
p Oy

R
~padx

wall



Pressure Gradient

u| _1dp
ayQ wall K ax
, dp
Adverse pressure gradient (& > 0):
0%u
67)/2 > () at the wall

ay? < 0 at the outer layer y = §
2

thus gyg = 0 somewhere in the boundary layer



Pressure Gradient

u(y)

Favorable gradient
(dp/dx < 0)

Point of inflection:
inside wall

No separation



Pressure Gradient

y y
A
Uso | Uso
u@y) uy)
Favorable gradient Zero gradient
(dp/dx < 0) (dp/dx = 0)
Point of inflection: Point of inflection:
inside wall at the wall

No separation No separation



Pressure Gradient

y y y
A A
Uso | Uso I Uso I
u(y) u(y) uy)

Favorable gradient Zero gradient Weak adverse
(dp/dx < 0) (dp/dx = 0) gradient (dp/dx > 0)
Point of inflection: Point of inflection: Point of inflection:
inside wall at the wall in the flow

No separation No separation No separation



Pressure Gradient

y y y y
A A A
Uso | Uso I Uso I Uso I
u@y) uy) uy) uy)

Favorable gradient Zero gradient Weak adverse Critical adverse
(dp/dx < 0) (dp/dx = 0) gradient (dp/dx > 0) gradient (dp/dx > 0)
Point of inflection: Point of inflection: Point of inflection: Point of inflection:
inside wall at the wall in the flow in the flow
No separation No separation No separation Separation

zero slope at wall
Tw =20



Pressure Gradient

y y y y y
A A A A
Uso | Uso I Uso I Uso I Uso '
u@y) uy) uy) uy) u@y)
Favorable gradient Zero gradient Weak adverse Critical adverse Excessive adverse
(dp/dx < 0) (dp/dx = 0) gradient (dp/dx > 0) gradient (dp/dx > 0) gradient (dp/dx > 0)
Point of inflection: Point of inflection: Point of inflection: Point of inflection: Point of inflection:
inside wall at the wall in the flow in the flow in the flow
No separation No separation No separation Separation Separated flow
zero slope at wall backflow at wall

Tw =20



Pressure Gradient

500X

Inviscid core flow —=-—-—

S(X)_ 2
-

Nozzle
decreasing area

favorable pressure
gradient

dp/dx < 0

du/dx > 0

Throat

minimum area

Zero pressure

gradient
dp/dx =0
du/dx =0

ww

Diffuser
increasing area

adverse pressure
gradient

dp/dx > 0

dU/dx < 0



Shape Factor

0.8 -

(.6 | decreased shape factor

c
3

0.4F

0.2 1

Favorable pressure gradients

Adverse pressure gradients

> <

*

Shape factor: H = %

Laminar flow:

No pressure gradient: H ~ 2.6
Separation: H ~ 3.5
Turbulent flow:

No pressure gradient: H ~ 1.3

Separation: H ~ 2.4



Avoid or Delay Separation

Decrease magnitude of adverse pressure gradient \ =

Guide vanes

Corner duct Diffusers Corner duct

Streamlining

Centrifugal fan

I




Avoid or Delay Separation

Remove decelerated fluid

Boundary layer suction

Z



Avoid or Delay Separation

N

Increase near-wall momentum =

Forced transition to turbulence

surface roughness
surface irregularities (dimples on the surface of a golf ball)
trip wires

Negative consequence: comes with increased friction
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Drag of Immersed Bodies

- I ,

Cp = drag _f<UOOL>

1 2 o circular cylinder
5 PUSA v 0.3 ‘
Characteristic area A:
0.2 Cp based on frontal area (tb) -
1. Frontal area
blunt objects: cylinders, cars Co
2. Planform area 0.1 |
wide flat bodies: wings, hydrofoils
3 N Wetted area Cp based on planform area (cb)
. flat plate
Shlps 0 ! ! !
0 0.2 0.4 0.6 0.8 1

t/c



Drag of Immersed Bodies

CD - CDpressure + CDfn’cﬁon

> Pressure drag
> difference between the high front stagnation
pressure and the low wake pressure on the
backside of the body
> often larger than the friction drag

> The relative importance of friction and
pressure drag depends on
> shape
> surface roughness

Friction drag percent

100

80

60

40

20

- I ,

dr

percentage of pressure

0.2

0.4

t/c

0.6

0.8 1

Note! for a cylinder, friction drag can be as low as a few percent of the total drag



Cylinder Surface Pressure

P — Poso
P pU2 /2

Inviscid theory
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Cylinder Drag
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Streamlining

Cp =20

)
-

L



Streamlining
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Streamlining
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Streamlining

qq qq
Uss — Cp = 2.0 Uso —> Cp=1.1
\0 \)\) \)\)
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same drag



Drag Prediction

> No reliable theory for drag prediction (with the exception of flat plates)

> The separation point can be predicted with some accuracy but not the wake
flow

» CFD or experiments needed



Wing Lift and Drag

ﬁ




Wing Lift and Drag

planform area: A, = bc

angle of attack («)
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chord (c) |
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Wing Lift and Drag - High-Lift Devices

o

A: Cruise configuration

B: Takeoff configuration Y

&=
C: Landing configuration




Wing Lift and Drag - Wing Stalll




Wing Lift and Drag - Induced Drag

Streamline over
the top surface

Voo

1
I "
e Streamline over the bottom surface

Top view

(planform) Wing area = §

Wing root

L

r Wing span b *

Low pressure
Front
view — —

High pressure

Low pressure

High pressure

Front view of wing

(a)

(b)

vortices

Vortex




Wing Lift and Drag - Induced Drag




Wing Lift and Drag - Induced Drag




Wing Lift and Drag

HOW A WING PRODUCES LIFT
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Joukowsky Transform }s

A Joukowsky wing is generated in the complex plane by applying the Joukowsky
transform to a cylinder

Since the potential flow around a cylinder is well known it is by using so-called
conformal mapping possible to get the flow around the wing profile from the cylinder
solution



Joukowsky Transform

s
o~

\
¥

¢=x+in




Complex Conjugate

OKAY, ANYONE. WHO'S FEELING' | BECAUSE TMMULTIPLYING | SHIT JUST
LIKE THEY CAN'T HANDLE THE WAVEFUNCTION BY ITS | GOT AEAL.
THE PHYSICS HERE SHOULD CoMPLEX  CONTUGATE,

PROBABLY JUST LEAVE NOW. /

THATS RIGHT,

0/
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Learning Outcomes

4 Be able to categorize a flow and have knowledge about how to select
applicable methods for the analysis of a specific flow based on category

37 Understand and explain basic concepts of compressible flows (the gas law,
speed of sound, Mach number, isentropic flow with changing area, normal
shocks, oblique shocks, Prandtl-Meyer expansion)

Let’s go supersonic ...



Roadmap - Compressible Flow

[ Thermodynamics

.

‘ Speed of Sound
[ Flow with Area Changes ]—»[ Isentropic Flow <—i Stagnation Properties ]

Oblique Shocks <—O—>[ Normal Shocks ]
[ Expansion Waves —»i)«—[ Convergent Divergent Nozzle ’

[ Tools for Compressible-Flow Analysis $§ ]




Motivation

Compressible flow:
> flows where variations in density are significant
> most often high-speed gas flows (gas dynamics)
> fluids moving at speeds comparable to the speed of sound

> not common in liquids (would require very high pressures)



Historical Milestones

First supersonic flight - Charles Yeager 1947 Steam turbine with convergent-divergent nozzles - Carl Gustav de Laval 1893



Compressible Flow Applications




Compressible Flow Applications




Compressible Flow Applications

feed tube

feed tube \ 3 D gas cooler
» D

compression passage

- - v

expansion cylinder compression cylinder




Governing Equations

> With significant density changes follows substantial changes in pressure and
temperature

> The energy equation must be included

> Four equations:

1. Continuity

2. Momentum

3. Energy

4. Equation of state

» Unknowns: p,p, T,and V
> The four equations must be solved simultaneously



Mach Number Regimes

Incompressible flow
insignificant density changes
Subsonic flow
local and global Mach number less than unity
Transonic flow
subsonic flow with regions of supersonic flow
(local Mach number can be higher than one)
supersonic flow with regions of subsonic flow
(local Mach number can be less than one)
Supersonic flow
local and global Mach number higher than one
Hypersonic flow
Mach number higher than 5.0
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Ratio of Specific Heats

v

The ratio of specific heats is important in compressible flow
v

~ is a fluid property

For moderate temperatures ~ is a constant

For higher temperatures ~ varies with temperature

vvyyy

Forair, vy =1.4



Equation of State

In the following, we will assume that the ideal gas law is applicable and that the
specific heats are constants:

p = pRT

R =C, — C, = const

—C = const
fy_cv -

Auxiliary relations:



Internal Energy and Enthalpy

Constant specific heats: Variable specific heats:

oh = GyaT = [ cuor



Isentropic Relations

First law of thermodynamics

0q + ow = de
For reversible processes: éw = —pdv (where v = p/p)

h=e+P —e+pv= dh=de+pdv+uvdp
p

6q = dh — vdp

Second law of thermodynamics

_ 0Qrev _ 5ﬁ + dSpe, = ds > 5ﬂ

S=—F =7 T




Isentropic Relations

compute entropy change from the first and second law of thermodynamics
(assuming reversible heat addition)

TdS:dh—d—'o
p

for perfect gases, dh = Cp,dT

[ [onf

for constant specific heats (calorically perfect)

S2—51=Cp nT—Rlnp:CVln—E’ln



Isentropic Relations

82—81:Cp

for isentropic flow (s = s1) we
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Speed of Sound

> The rate of propagation of a pressure pulse of infinitesimal strength through a
fluid at rest

> Related to the molecular activity of the fluid
> A thermodynamic property



Speed of Sound

Niklas on - Chalmers




Speed of Sound

frame of reference fixed to fluid

frame of reference following the wave
<
p p+ Ap p p+ Ap
P p+Ap P p+ Ap
T T+ AT T T+ AT
V=0 vV =AV V==C V=C-AV
- —



Speed of Sound

frame of reference following the wave

p B[ < o]
P ! p+ Ap
T PN
|
inuity: v=cCc !|1v=Cc-AV
continuity: Sl >

pAC = (p+ Ap)A(C — AV)

Ap
AV =C
p+Ap

Note! there are no gradients in the flow so viscous effects are confined to the interior
of the wave



Speed of Sound

frame of reference following the wave

p B[ < o]
P LoptAp
t T N N
. |
momentum: v=c '|[1v=c-av
— i —

pA — (D + ApP)A = (pAC)(C — AV — C) = Ap = pCAV

with AV from the continuity equation we get

Ap Ap
C*="" (1 + )
Ap P

Note! the larger Ap/p, the higher the propagation velocity



Speed of Sound

In the limit of infinitesimal strength Ap — 0 and thus

2 _ 2_6[:
C=ag° =

> There is no added heat and thus the process adiabatic
> For weak waves the process can also be assumed to be reversible

2_ 9%

a“ =
op s



Speed of Sound

0
82:£
ap |s
The isentropic relation gives
L Op - p
p=p"= oo =7 == =RT
p p

and thus
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Stagnation Enthalpy

Consider high-speed gas flow past an insulated wall

1 1
h1+§V12+gzl :h2+§V§+922—q+WV

> differences in potential energy extremely small
> outside of the boundary layer, heat transfer and viscous work are zero

1 1
hy + §V12 =hy + §V22 = const



Stagnation Enthalpy

1
h+2\/2ho]

”The maximum enthalpy that the fluid would achieve if brought to rest adia-
batically”



Stagnation Temperature

For a calorically perfect gash = CpT

1
h+§V2:ho

1

Where T, is the stagnation temperature



Mach Number Relations

CpT \/ —CpTo = 1+ oo V2 _lo




Mach Number Relations

Since a oc T2 we get



Mach Number Relations

If the flow is adiabatic and reversible (isentropic), we may use the isentropic relations

Do E v/(v=1) _ '1 . v MQ— v/ (v=1)
T I 2




Stagnation Properties

> po and po - the pressure and density that the flow would achieve if brought to
rest isentropically

> All stagnation properties are constants in an isentropic flow
> ho, T, and a, are constants in an adiabatic flow but not necessarily p, and po

> po and po, Will vary throughout an adiabatic flow as the entropy changes due to
friction or shocks



Critical Properties

Another useful set of reference variables is the critical properties (sonic conditions)

TT":1+(72_1>M2={M=1-0}:H<7;1>:<2+g_1>:<7_2H>




Critical Properties

9 \ Y01
Y+ 1>

(

[
Po



Critical Properties

Ary=14
T*i 2
To \y+1
a* 2
a
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Isentropic Quasi-1D Flow

Quasi-1D:
Flow properties varies in one direction only (x)
The flow area is a smooth function A = A(x)
Steady-state, inviscid and isentropic flow

r

N

>

Ay Az



The Area-Velocity Relation

Continuity:

p()V(X)A(x) = const = d(pVA) = 0 = AVdp + pAdV + pVdA = 0

divide by pVA gives



The Area-Velocity Relation
In the following, isentropic flow is assumed
Stagnation enthalpy:

1
hO:h+§V2:const:>o’h+VdV:0

The first and second law of thermodynamics:

Tds—0—ah-P o agn=P
p p

and thus

i+VdV:0



The Area-Velocity Relation

dp +VavV =0
P

From the definition of the speed of sound

1
dp:azdpiaQ@ +VavV =0 = dp _ ——Vav
p p a



The Area-Velocity Relation

dp dV dA dv 1 A
W AT v L_y
, TVt aAaT v 2T

dV(V2 ) dA
- 72_1 _
a




The Area-Velocity Relation

Subsonic M < 1 Supersonic M > 1

supersonic nozzle
av >0
dp < 0

subsonic diffuser
av <0
dp >0

supersonic diffuser
dv <0
dp >0

subsonic nozzle
av >0
dp < 0



The Area-Velocity Relation

av dA

What happens when M = 17



The Area-Velocity Relation

av

What happens when M = 17

M =1whendA =0

(M? —1) =

dA



The Area-Velocity Relation

av dA

What happens when M = 17
M=1whendA =0

maximum or minimum area



The Area-Velocity Relation

M<1 M=1 M>1 /—'—\
|
|

subsonic | supersonic subsonic ! subsonic
—_— —_— —_— | —_—
! supersonic | supersonic
|



The Area-Mach-Number Relation

A prVE
AV = p AV = = P
P P AT,V
- B 1/(y=1)
PP _ [2 (HMMzﬂ
P Pop 7+1 2

V* B (’)/F?T*>1/2 B (’yF?T)l/Q T\ 1/2 E 1/2 B i 92 - v — 1M2 1/2
Vs 4 N V To T M 2

AN 2 1 [24 (y—1)M2 (v+1)/(v=1)
) =m0




The Area-Mach-Number Relation

AN 2 1 24_(7_1)/\42 (v+1)/(v—=1)
(&) = [
supersonic
L e
M subsonic
Note! - LN
075 45 6 7
—_ A
A*

Two possible solutions for each value of o
one subsonic and one supersonic (except when A = A®)



The Area-Mach-Number Relation

Sub-critical (non-choked) nozzle flow

100 |

1071

supersonic




The Area-Mach-Number Relation

Critical (choked) nozzle flow
L | -
supersonic
' i 100 D
w ‘ M E | subsonic E
‘ i AN ]
10—1 ; 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
A
A*



Choking

ATV
VA = p A"V = = =
p p = A= v

From the area-Mach-number relation

A <1 if M<1
VRN 1 if M=1
<1 if M>1

2%
p* V*

0.8

0.6

0.4

The maximum possible mass flow through a duct is achieved when its throat reaches

sonic conditions



Choking

P_< ’
Po v+1
V' = AT
T2
To ~v+1
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Shock Waves

"Shock waves are nearly discontinuous changes in a supersonic flow”

Reasons for the appearance of shocks in a flow can be for example:

> higher downstream pressure

> sudden changes in flow direction
> blockage by a downstream body
> explosion



Normal Shocks

® @
Continuity: _T J_’
p1Uy = paUs . .
The Rankine-Hugoniot relation:
Momentum:
2~ iUt hy =y = (B2 —p1) (- + -
P1 — P2 = paus — p1U7 2 1—2D2 P1 PR
Energy:

1 1
/’71+*U%:/72+*U§:ho

2 2



Normal Shocks

1 1 1
ha —hy = §(D2 —p1) <p2 + p1>

Note! The Rankine-Hugoniot relation only includes thermodynamic properties (no
velocities) and gives a relation between the flow state upstream of the shock and the
flow downstream of the shock



Normal Shocks

The Rankine-Hugoniot relation

y+1 P2
p 1+ () (3)

7+1 P2
n () (B)

The isentropic relation

P2 _ <,02>1/7
P1 P1

P2
P1

t

Pressure ratio (y = 1.4)

| | — isentropic A
— Hugoniot
| | | |
2 4 6 8
P2
P1

10



Normal Shocks

The second law of thermodynamics

B To P2
SQ—Sl—Cp].nﬁ Rlin

can be rewritten as

vy
So — 81 = Cvln |:IO2 <)01) :|
P1 \ p2

(p2/p1 from the Rankine-Hugoniot relation)  _q |

Entropy (v = 1.4)

| | |

06 08 1 1.2 14 16 18 2
P2
P1

Note! a reduction of entropy is a violation of the second law of thermodynamics



Normal Shocks

For a perfect gas, it is possible to obtain relations for normal shocks that only include
upstream variables

Momentum equation: py + piU; = pPs + polis

Uz
P2 — P1 = p1UT — pal3 = {p1U1 = patia} = prtr (U1 — U2) = prU} (1 - U1>

divide by py
’CE £ + LU% <1 _ uQ)
P1 P1 Uty

U2 = M3a2 = MPART; = AM2PE = B2 —q g2 <1 — “2>
P1 P1 U



Normal Shocks

P2 2( U2>
— =14+~yM7[|1—-—
P1 s Uy

Using the energy equation its possible obtain a relation for :2
1
(the derivation is quite lengthy though)

U 2+ (v =DM

uq (v+ I)M%

and thus




Normal Shocks

Pressure ratio (y = 1.4)

20 T T T

P2 _ 2y 2 _
p171+7+1(Ml 1) o

P1

Note! from before we know that p2/p; must be greater than 1.0, which means that
My must be greater than 1.0



Normal Shocks
Momentum equation: p; + piu? = pa + palis
M = ;—j = p1 + piM3at = py + paM3as
a= /AT = \/>¢p1+p1/wﬂp =p2+ QM”pQ

p1(1+ ’YM%) =py (14 7/\43)

P2 1—&-’)//\4%

p1 1+yM3




Normal Shocks

Two ways to calculate the pressure ratio over the shock

2 2
P2 Y (M2 = 1) @:1‘1‘7/\”;
P1 1 +~yM;3

Setting the relations equal gives a relation for the downstream Mach number

s (y—1DM;+2
2= M — (- 1)




Normal Shocks

Downstream Mach Number (v = 1.4)
1.2 T T T T

1

s (y—DMZF+2 0.8

- M
P HME— (= 1) .

0.4

9 | | | |
0 2 4 6 8 10

M
Note! for v > 1 and M; > 1, the downstream Mach number must be less than 1.0,
i.e we will always have subsonic flow behind a normal shock



Normal Shocks - Summary

Supersonic flow upstream of normal shock
Subsonic flow downstream of normal shock

Entropy increases over the shock and consequently total pressure decreases
Sonic throat area increases

o s~ =

Very weak shock waves are nearly isentropic



Normal Shocks

Normal shock relations (y = 1.4)

1.5 2 2.5 3 3.5 4

— a2/,
—Ts/Th
p2/pP1
_p02/p01
— M,
— A AT




Normal Shocks

-




Moving Normal Shocks

w
_—
p+ Ap p
p+ Ap P frame of reference:
T+ AT T fixed to the fluid
Change frame of reference u=up =0
> coordinate system moving with the shock
> thermodynamic properties does not change
p+ Ap P
p+ Ap P frame of reference:
h h 1 ( ) ( 1 1 ) T+ AT T following the shock
2 — N1 = (P2 —P1 — + — u=up —W =W
2 p1 P2 ’ '
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Convergent-Divergent Nozzle

M/Mehoked A

0 > Pe/Po

p/pPo

A

throat

p* /Po




Convergent-Divergent Nozzle

M/Mehoked A

0 > Pe/Po

p/pPo

A

throat

p* /Po




Convergent-Divergent Nozzle

M/Mehoked A

0 > Pe/Po

p/pPo

throat

p* /Po




Convergent-Divergent Nozzle

M/Mehoked A

0 > Pe/Po

p/pPo

throat

p* /Po




Convergent-Divergent Nozzle

M/Mehoked A

0 > Pe/Po

p/pPo

throat

p* /Po




Convergent-Divergent Nozzle

M/Mehoked A

0 > Pe/Po

p/pPo

throat

p* /Po




Convergent-Divergent Nozzle

M/Mehoked A

0 > Pe/Po

p/pPo

|
throat

p* /Po




Convergent-Divergent Nozzle

M/Mehoked A

0 > Pe/Po

p/pPo

throat

p* /Po




Convergent-Divergent Nozzle

M/Mehoked A

0 > Pe/Po

|
throat ‘

p/Po ‘r

p* /Po




Convergent-Divergent Nozzle

M/Mehoked A

0 > Pe/Po

throat

p/Po ‘r ‘ ‘

p* /Po —




Convergent-Divergent Nozzle

M/Mehoked y

0 > Pe/Po
1

throat




Convergent-Divergent Nozzle

M/Mehoked A

0 > Pe/Po

p/pPo

throat

p* /Po




Convergent-Divergent Nozzle

M/Mehoked A

0 > Pe/Po

p/pPo

throat

p* /Po




Convergent-Divergent Nozzle

normal shock

w

oblique shock

J
pressure matched

_/\—>

expansion fan

Po/Pe = (Po/Pe)ne
normal shock at nozzle exit

(Po/Pelne < Po/Pe < (Po/Pe)sc
overexpanded nozzle flow

Po/Pe = (Po/Pe)sc
pressure matched nozzle flow

Po/Pe > (Po/Pe)sc
underexpanded nozzle flow



Convergent-Divergent Nozzle
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Oblique Shocks




Oblique Shocks




Mach Wave

Sound waves emitted from A (speed of sound a)



Mach Wave




Mach Wave

A Mach wave is an infinitely weak oblique shock

Mach wave

No substantial changes of flow properties over a single Mach wave
My > 1.0 and My =~ M,
Isentropic



Obligue Shocks and Mach Waves

Two-dimensional steady-state flow

y Stationary shock
A

Flow condition

M>1
Flow condition

B>

Significant changes of flow properties from 1 to 2
M1 > 1.0, 5 > [, and Ml #MQ
Not isentropic



Obligue Shocks and Mach Waves

When does an oblique shock appear in a flow?

M>1 P

compression corner gradual compression



Obligue Shocks and Mach Waves

Sphere in,,high/l\//iach number flow.

=




Obligue Shocks and Mach Waves

oblique shocks :

. perforated plate
[ N




Obligue Shocks and Mach Waves




Obligue Shocks and Mach Waves




Oblique Shocks

Stationary oblique shock




Obligue Shock Relations

/ X

Two-dimensional steady-state flow

Control volume aligned with flow stream lines



Obligue Shock Relations

Velocity notations:

u
My, = C‘Ti = M sin(B)
M, = 22 = My sin(8 — )



Obligue Shock Relations

Conservation of mass:

—p1UIA + paU2A = 0 = p1Uy = pala



Obligue Shock Relations

Conservation of momentum (shock-normal direction):

—(p1U3 + P1)A + (p2u3 + P2)A = 0 = p1Ui +P1 = paU3 + P2



Obligue Shock Relations

/ X
Conservation of momentum (shock-tangential direction):

—p1U1W1A + pQUQWQA =0=w; =Wy



Obligue Shock Relations

Conservation of energy:

1 1 1 1
~p1U1[h1 ° i(U% + W%)]A + p2U2[/’)2 =+ §(u§ + W%)]A =0= hl + EU% = /’72 + §u§



Obligue Shock Relations

We can use the same equations as for normal shocks if we replace M; with M, and
My with M,

o _ Mi +12/(v-1)
2 [2y/(y - DIME, -1

Ratios such as p2/p1, p2/p1, and To/T1 can be calculated using the relations for
normal shocks with M; replaced by M),



Obligue Shock Relations

What about ratios involving stagnation flow properties, can we use the ones
previously derived for normal shocks?



Obligue Shock Relations

What about ratios involving stagnation flow properties, can we use the ones
previously derived for normal shocks?

A shock is an adiabatic compression process and thus constant T, applies for
oblique shocks as well

For other stagnation properties the answer is no, but why?



Obligue Shock Relations

What about ratios involving stagnation flow properties, can we use the ones
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Obligue Shock Relations

What about ratios involving stagnation flow properties, can we use the ones
previously derived for normal shocks?

A shock is an adiabatic compression process and thus constant T, applies for
oblique shocks as well

For other stagnation properties the answer is no, but why?
Po, po,, €tc are calculated using M; not M, (the tangential velocity is included)

Note! Do not not use ratios involving total quantities, €.9. Po,/Po,, Pos/Por
obtained from formulas or tables for normal shock



Obligue Shocks and Mach Waves

M1>M2

My > 1.0

01 =1f(My,p1), My =F(My,61,051)



Obligue Shocks and Mach Waves

p1 = 28°
M; =3.1

} =0 =~ 11.2°, My ~ 2.5



Obligue Shocks and Mach Waves

01 =0



Obligue Shocks and Mach Waves

M1 >M2 >M3
Ms > 1.0

B2 > B

Bo =f(Ma,0), M3 =1f(Ms,02,[2)

Note! Shock wave reflection at solid wall is not specular



Obligue Shocks and Mach Waves




Obligue Shocks and Mach Waves
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Deflection Angle (for the interested)

o0 U9

Uiy

i — T [
ow w2+ u3

w2 + uf



Deflection Angle (for the interested)

00 Us up
ow  w?+uz; w?riuj
Us(W? +U3) —uy(W? +u3) (up —ur)(W? —uqla)
20 2 (W2 2 =0= " A2 Y
(W2 +u3)(w? + uy) (W2 +u3)(W? + uy)

Two solutions:
us = Uy (no deflection)
w? = uyus (Max deflection)



Shock Polar

Graphical representation of all possible deflection angles for a specific Mach number

Shock Polar: My =1.5—4.0, v =1.4
1 ‘

T
flow deflection

oblique shock (shock angle 3)

No deflection cases:
» normal shock

(reduced shock-normal velocity)

» Mach wave

-1
(unchanged wave-normal velocity)




Shock Polar

Graphical representation of all possible deflection angles for a specific Mach number

Shock Polar: My = 2.5, vy =14

flow deflection

oblique shock (shock angle 3)

e A

a*

Solutions to the left of the sonic line
are subsonic




Shock Polar - Flow Deflection - 64

Graphical representation of all possible deflection angles for a specific Mach number

Shock Polar: My = 2.5, vy =14

flow deflection

oblique shock (shock angle 3)

V,
tanf = 2

Vi

It is not possible to deflect the flow
more than Gpax

IS |
NV



Shock Polar - Flow Deflection

Graphical representation of all possible deflection angles for a specific Mach number
Shock Polar: My = 2.5, vy =14

flow deflection

oblique shock (shock angle 3)

For each deflection angle 6 < 6yax,
there are two solutions

> strong shock solution

> weak shock solution
Weak shocks give lower losses and
therefore the preferred solution




Shock Polar - Weak Solution

Graphical representation of all possible deflection angles for a specific Mach number

Shock Polar: My = 2.5, vy =14

flow deflection

oblique shock (shock angle 3)

The shock polar can be used to
calculate the shock angle g for a
given deflection angle 6




Shock Polar - Strong Solution

Graphical representation of all possible deflection angles for a specific Mach number

Shock Polar: My = 2.5, vy =14

flow deflection

oblique shock (shock angle 3)

The shock polar can be used to
calculate the shock angle g for a
given deflection angle 6




Flow Deflection

M>1

weak shock family

sonic line

strong shock family

0 > Omax

strong shock family

sonic line
weak shock family

M>1



The 0-3-Mach Relation

_ 2cot(B)(Misin®(8) — 1)
0= AR+ eon(28) +2

A relation between:
1. flow deflection angle 6
2. shock angle
3. upstream flow Mach number M,




0-p-Mach: M} =25, v=1.4

No mal shock (8 = 90 )

The 0-5-Mach Relation vs. Shock Polar

Shock Polar: My = 2.5, vy =14

0.5

Normal shock




The 0-5-Mach Relation vs. Shock Polar

0-5-Mach: My, = 2.5, v = 1.4 Shock Polar: My =2.5, v = 1.4
— . : 11— T T T
" |
05 weak solut on:\
60 W —— e | . ‘
: %
/ = 0
40 ] a
F| weak solution
20 . e |
0 | | -1 — | | |
0 10 20 30 40 50 0 0.5 1 1.5 2
0 Vi



The 6-5-Mach Relation - Wedge Flow

Wedge flow oblique shock analysis:

1. 0-5-M relation = g for given M; and ¢

2. B gives My, according to: My, = My sin(f)

3. normal shock formula with M, instead of M; =
M, (instead of My)

4. My given by My = M),/ sin(f — 0)

normal shock formula with M, instead of M; =

p2/p1, P2/P1, €tc

6. upstream conditions + pa/p1, P2/p1, etc =
downstream conditions

[9)
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Expansion Waves

» Gradual change of flow angle

> Increasing flow area

> Increasing Mach number

> Accumulation of infinitesimal flow deflections - isentropic



Expansion Waves

What is an expansion wave or expansion region?

M>1

expansion corner gradual expansion



The Prandtl-Meyer Function

> The change of flow properties over an expansion region can be calculated using
the Prandtl-Meyer function

> The Prandtl-Meyer function derivation is based on the fact that each expansion
wave gives an infinitesimal change in flow angle and flow properties



Prandtl-Meyer Function Derivation (for the interested)

For small deflection angles, linearization of the #-35-Mach relation gives

2
o M
D (M2 —1)1/2

The momentum equation for inviscid flows gives

Y

20 12
_pa®M
y 7

dp = —d(pV?) = —pVdV —Vd(pV) = —pVadV = —p
=0
dp

25X _ Y P
= {pa® = RT =p} = 5 M=

av
%

=



Prandtl-Meyer Function Derivation (for the interested)

Now, setting the two expressions for dp/p equal

av yM? av
N2 e — (M2~ /22
yM v (M2_1)1/2d6:>d6 ( ) v
4 M
V:Ma:>dV:adM+Mda:>d—:d—+d—a
V M a

dM  da
—) 2, 1/2 [ ¥V e
do = —(M? - 1) (/w + a)



Prandtl-Meyer Function Derivation (for the interested)

do = —(M? —1)'/? (
- 1/2
Do _ <1 + MM2>
a 2

v —1/2
da = <1 + 2M2> dao + aod

oM | da
M a

B ~1/2
<1+7 . 1M2) ]

isentropic = day, = 0

O {(1 + ”’;1/\42)1/1 (i) - v

a L) STy
(14 25tr) ( )



Prandtl-Meyer Function Derivation (for the interested)

do = —(M? —1)/? (dM + da)

M a

Ly — )MaMm 2 _1)1/2
da _ —§(y-1) g 22— 1) am

a 1+77‘1/\//2 2+ (y-DMEM

Introducing w defined such that: dw = —df, w = 0when M =1

J M2M2 1/2dM
/ TN / —1M2M

wM) = <7+1> . tan ! <( M1 1)>1/2 — tan~(M? — 1)1/2

-1 T+ 1)/ -



The Prandtl-Meyer Function

v+ I\ M2—1 N\
s = (357) e (G ) e

Prandtl-Meyer function (y = 1.4)
140 — T T T

120 |- -

w(M) = 130.45°

‘/\//—H)c
100

80
60
40

20




Prandtl-Meyer Expansion Waves

Example:

expansion fan (Mach waves)

0, =0, My > 1is given
05 is given
find M2 such that Af = Oy — 01 = W(Mg) — w(Ml)



Prandtl-Meyer Expansion Waves

Since the flow is isentropic, the isentropic relations apply:
(To and p, are constant)

Calorically perfect gas:

= = 1+%(7—1)M2

[ 157=1
Po 1+%(7—1)M2 ’



Prandtl-Meyer Expansion Waves

since To, = To, @nd pPo, = Po,

Ty

To, i

P1 _ Po, P1
P2 p01 P2

T2:T<)1T2_<

-

Toy
Ty

Po,
P2

)/
)/

Tou
T

Poy
P1

>:
>_




Diamond-Wedge Airfoil

expansion fan
oblique shock oblique shock

symmetric airfoil
(both in x- and
y-planes

Note! symmetric airfoil at zero incidence = zero lift but what about drag?



Diamond-Wedge Airfoil

1-2 standard oblique shock calculation for flow deflection angle € and upstream
Mach number M,

2-3 Prandtl-Meyer expansion for flow deflection angle 2¢ and upstream Mach
number My

3-4 standard oblique shock calculation for flow deflection angle e and upstream
Mach number M5



Diamond-Wedge Airfoil - Wave Drag
Since conditions 2 and 3 are constant in their respective regions, we obtain:

D =2[psL sin(e) — psL sin(e)] = 2(p2 —/03)2 = (p2 —p3)t

For supersonic free stream (M > 1), with shocks and expansion fans according to
figure we will always find that po > p3

which implies D > 0

Wave drag (drag due to flow loss at compression shocks)



Flat-Plate Airfoil

expansion fan

oblique shock

slip line

incidenceex: ~ \ @ T~ ——""_"4___

oblique shock

expansion fan



Flat-Plate Airfoll

It seems that the angle of the flow downstream of the flat plate would be different
than the angle of the flow upstream of the plate. Can that really be correct?!



Flat-Plate Airfoll

It seems that the angle of the flow downstream of the flat plate would be different
than the angle of the flow upstream of the plate. Can that really be correct?!

For the flow in the vicinity of the plate this is the correct picture. Further out from
the plate, shock and expansion waves will interact and eventually sort the
mismatch of flow angles out



Flat-Plate Airfoil

> Flow states 4 and 5 must satisfy:

> D4 =Ps
> flow direction 4 equals flow direction 5 (®)

> Shock between 2 and 4 as well as expansion fan between 3 and 5 will adjust
themselves to comply with the requirements

> For calculation of lift and drag only states 2 and 3 are needed

> States 2 and 3 can be obtained using standard oblique shock formulas and
Prandtl-Meyer expansion



Obligue Shocks and Expansion Waves

compression corner expansion corner

M  decrease M increase
V' decrease V' increase
p increase p  decrease
p increase p  decrease
T increase T  decrease
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Supersonic Stereo

What if you somehow managed to make a stereo travel at twice the speed of sound, would it sound backwards to someone
who was just casually sitting somewhere as it flies by?

—Tim Currie
Yes.
Technically, anyway. It would be pretty hard to hear.

‘The basic idea is pretty straightforward. The stereo is going faster than its own sound, so it will reach you first, followed by the sound it emitted one second ago,
followed by the sound it emitted two seconds ago, and so forth.

‘The problem s that the stereo is moving at Mach 2, which means that two seconds ago, it was over a kilometer away. It's hard to hear music from that distance,
particularly when your ears were just hit by (a) a sonic boom, and (b) pieces of a rapidly disintegrating stereo.

Wind speeds of Mach 2 would messily disassemble most consumer electronics. The force of the wind on the body of the stereo is roughly comparable to that of a
dozen people standing on it:
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