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Exercise 6.

• The continuity equation:
– Integral form, from RTT for a system:

d
d𝑡𝑡

𝑚𝑚 = 0 = d
d𝑡𝑡 ∫CV 𝜌𝜌 d𝑉𝑉 + ∫CS 𝜌𝜌 �𝑣𝑣𝑟𝑟 ∘ �𝑛𝑛 d𝐴𝐴 Eq. (3.20)

 Valid for a finite CV

– Differential form, the CV  0. Eqn. only in one point (x,y,z,t)
𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡

+ 𝜕𝜕
𝜕𝜕𝑥𝑥

𝜌𝜌𝜌𝜌 + 𝜕𝜕
𝜕𝜕𝑧𝑧

𝜌𝜌𝑣𝑣 + 𝜕𝜕
𝜕𝜕𝑧𝑧

𝜌𝜌𝑤𝑤 = 0 Eq. (4.4)

⇒ 𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡

+ ∇ ⋅ 𝜌𝜌 �𝑣𝑣 = 0 Eq. (4.6)   

• The basics of Computational Fluid Dynamics (CFD)
– By solving the diff. equations in this chapter the whole flow 

field can be described.
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Exercise 6.

• Total/material-derivative:
– The acceleration for a small fluid element, with the velocity field �𝑣𝑣 𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡

�𝑎𝑎 =
𝑎𝑎𝑥𝑥
𝑎𝑎𝑦𝑦
𝑎𝑎𝑧𝑧

= d�𝑣𝑣
d𝑡𝑡

, d
d𝑡𝑡

= Total derivative with respect to time

�𝑎𝑎 = d�𝑣𝑣
d𝑡𝑡

= chain rule = 𝜕𝜕�𝑣𝑣
𝜕𝜕𝑡𝑡

+ 𝜕𝜕�𝑣𝑣
𝜕𝜕𝑥𝑥

𝜕𝜕𝑥𝑥
𝜕𝜕𝑡𝑡

+ 𝜕𝜕�𝑣𝑣
𝜕𝜕𝑦𝑦

𝜕𝜕𝑦𝑦
𝜕𝜕𝑡𝑡

+ 𝜕𝜕�𝑣𝑣
𝜕𝜕𝑧𝑧

𝜕𝜕𝑧𝑧
𝜕𝜕𝑡𝑡

�𝑎𝑎 = d�𝑣𝑣
d𝑡𝑡

= 𝜕𝜕�𝑣𝑣
𝜕𝜕𝑡𝑡

+ 𝜕𝜕�𝑣𝑣
𝜕𝜕𝑥𝑥
𝜌𝜌 + 𝜕𝜕�𝑣𝑣

𝜕𝜕𝑦𝑦
𝑣𝑣 + 𝜕𝜕�𝑣𝑣

𝜕𝜕𝑧𝑧
𝑤𝑤 Eq. (4.2)

– Introducing Nabla: ∇= 𝜕𝜕
𝜕𝜕𝑥𝑥

𝜕𝜕
𝜕𝜕𝑦𝑦

𝜕𝜕
𝜕𝜕𝑧𝑧

𝑇𝑇
⇒

�𝑎𝑎 = d�𝑣𝑣
d𝑡𝑡

= 𝜕𝜕�𝑣𝑣
𝜕𝜕𝑡𝑡

+ 𝜕𝜕�𝑣𝑣
𝜕𝜕𝑥𝑥

+ 𝜕𝜕�𝑣𝑣
𝜕𝜕𝑦𝑦

+ 𝜕𝜕�𝑣𝑣
𝜕𝜕𝑧𝑧

�𝑣𝑣 ⇒

�𝑎𝑎 = 𝜕𝜕�𝑣𝑣
𝜕𝜕𝑡𝑡

+ �𝑣𝑣 ⋅ ∇ �𝑣𝑣
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Assumptions (examples)

• Steady-state: 𝜕𝜕
𝜕𝜕𝑡𝑡

= 0

• Incompressible: 𝜌𝜌 = const., d𝜕𝜕
d

= 0, 𝜕𝜕𝜕𝜕
𝜕𝜕

= 0
– Product rule on cont. Eq: 𝜕𝜕(𝜕𝜕𝑢𝑢𝑖𝑖)

𝜕𝜕𝑥𝑥𝑖𝑖
= 0 ⇒ 𝜌𝜌𝜕𝜕𝑢𝑢𝑖𝑖

𝜕𝜕𝑥𝑥𝑖𝑖
+ 𝜌𝜌𝑖𝑖

𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

= 0 ⇒ 𝜌𝜌𝜕𝜕𝑢𝑢𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

= 0 ⇒ 𝜕𝜕𝑢𝑢𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

= 0

• 2D-flow e.g in xy: 𝑤𝑤 = 0, 𝜕𝜕
𝜕𝜕𝑧𝑧

= 0

• Only flow in x-dir: 𝑤𝑤 = 𝑣𝑣 = 0

• Fully developed flow in x: d
d𝑥𝑥

= 0, 𝜕𝜕
𝜕𝜕𝑥𝑥

= 0

• Axisymmetric flow: 𝜕𝜕
𝜕𝜕𝜃𝜃

= 0

• Only flow in z-dir (cyl-coord): 𝑣𝑣𝜃𝜃 = 𝑣𝑣𝑟𝑟 = 0
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Boundary conditions

• No-slip  fluid velocity at the wall = wall velocity (Dirichlet)

𝜌𝜌 0 = 0

𝜌𝜌 ℎ = 𝑉𝑉0

• Slip condition  velocity gradient = zero (Neumann)

𝜕𝜕𝑢𝑢(ℎ)
𝜕𝜕𝑦𝑦

= 0

4

𝜌𝜌(𝑦𝑦)

𝑉𝑉0𝑦𝑦 = ℎ

𝑦𝑦 = 0

𝜌𝜌(𝑦𝑦)

𝑦𝑦 = ℎ

𝑦𝑦 = 0

Fluid interface

𝜌𝜌1,𝜇𝜇1

𝜌𝜌2, 𝜇𝜇2
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