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Exercise 5.

• Conservation of Angular Momentum with RTT Eq. (3.16)
– Setting 𝐵𝐵syst = �𝐻𝐻0 = ∫syst 𝑟̃𝑟 × �𝑣𝑣 d𝑚𝑚, 𝛽𝛽syst = d�𝐻𝐻0

d𝑚𝑚
= 𝑟̃𝑟 × �𝑣𝑣, gives:

�d�𝐻𝐻0
d𝑡𝑡 syst

= d
d𝑡𝑡 ∫CV 𝑟̃𝑟 × �𝑣𝑣 𝜌𝜌 d𝑉𝑉 + ∫CS 𝑟̃𝑟 × �𝑣𝑣 𝜌𝜌( �𝑣𝑣𝑟𝑟 ∘ �𝑛𝑛)d𝐴𝐴 Eq. (3.56)

– Non-deformable and fix CV gives:

∑ �𝑀𝑀0 = 𝜕𝜕
𝜕𝜕𝑡𝑡 ∫CV 𝑟̃𝑟 × �𝑣𝑣 𝜌𝜌 d𝑉𝑉 + ∫CS 𝑟̃𝑟 × �𝑣𝑣 𝜌𝜌( �𝑣𝑣 ∘ �𝑛𝑛)d𝐴𝐴 Eq. (3.59)

– Note the LHS remains if external momentum (force x distance) acts on the system:

�d�𝐻𝐻0
d𝑡𝑡 syst

= ∑ �𝑀𝑀0 = ∑ 𝑟̃𝑟 × �𝑣𝑣 0
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PELTON TURBINE
FRANCIS TURBINE KAPLAN TURBINE

Euler turbine equation:
𝑀𝑀0 = 𝑚̇𝑚[ 𝑣𝑣𝜃𝜃 𝑟𝑟 out − 𝑣𝑣𝜃𝜃 𝑟𝑟 in]

𝑃𝑃 = 𝜔𝜔𝑀𝑀0

-Used in the initial design phase of all new turbines
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Exercise 5.

• Conservation of Energy with RTT Eq. (3.16)
– Setting 𝐵𝐵syst = 𝐸𝐸, 𝛽𝛽syst = d𝐸𝐸

d𝑚𝑚
= 𝑒𝑒, which gives:

d𝐸𝐸
d𝑡𝑡

= d
d𝑡𝑡 ∫CV 𝑒𝑒𝜌𝜌 d𝑉𝑉 + ∫CS 𝑒𝑒𝜌𝜌( �𝑣𝑣𝑟𝑟 ∘ �𝑛𝑛)d𝐴𝐴 Eq. (3.61)

– Total energy (LHS) can be divided as:
𝐸̇𝐸syst = 𝑄̇𝑄 − 𝑊̇𝑊shaft − 𝑊̇𝑊visc − 𝑊̇𝑊press
 The work done by pressure as: 𝑊̇𝑊press = ∫CS 𝑝𝑝 �𝑣𝑣 ∘ �𝑛𝑛 d𝐴𝐴 Eq. (3.63)

– The energy per unit mass as:
𝑒𝑒 = �𝑢𝑢 + ⁄1 2 𝑣𝑣2 + 𝑔𝑔𝑔𝑔 Eq. (3.62)

– Adding  the definition of enthalpy (sum of internal and pressure energy):
ℎ = �𝑢𝑢 + 𝑝𝑝

𝜌𝜌

– Non deformable and fix CV → d
d𝑡𝑡
⇒ 𝜕𝜕

𝜕𝜕𝑡𝑡
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Exercise 5.

• Inserting all of this in the energy equation (3.61), move the pressure work 
to the RHS, and include the enthalpy h:

𝑄̇𝑄 − 𝑊̇𝑊s − 𝑊̇𝑊v = 𝜕𝜕
𝜕𝜕𝑡𝑡 ∫CV �𝑢𝑢 + 1

2 𝑣𝑣2 + 𝑔𝑔𝑔𝑔 𝜌𝜌 d𝑉𝑉 + ∫CS ℎ + 1
2 𝑣𝑣2 + 𝑔𝑔𝑔𝑔 𝜌𝜌( �𝑣𝑣𝑟𝑟 ∘ �𝑛𝑛)d𝐴𝐴 Eq. (3.67)

– Here:
𝑄̇𝑄= Heat transfer
𝑊̇𝑊s= Shaft work
𝑊̇𝑊v= Viscous (friction) work, often negligible
�𝑢𝑢 = Internal energy
⁄𝑣𝑣 2 = Kinetic energy
𝑔𝑔𝑔𝑔 = Potential energy
ℎ = Enthalpy

– Heat, 𝑄𝑄, added or work, 𝑊𝑊, done by the system is positive! 
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